
Academic Editor: Borislav Angelov

Received: 28 March 2026

Revised: 2 May 2026

Accepted: 4 May 2026

Published: 14 May 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

Inhomogeneities Generating Mechanisms in Membranes
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Abstract

Spatial inhomogeneities are essential for biological membrane function. They could trigger
structural transformations in membranes as well as changes in their global behaviours,
and influence intercell communications. This study investigates how curvature-enforcing
inclusions and in-plane orientational order generate such patterns. We focus on membranes
exhibiting spherical topology, consisting of primary (lipids) and secondary (inclusions) con-
stituents. Using Monte Carlo simulations, we show that, for a high enough concentration
of inclusions, a budding instability appears below a critical temperature. The complexity of
patterns is further increased if membranes exhibit in-plane order. According to the Gauss–
Bonnet and Poincare–Hopf theorems in membranes of non-toroidal topology, topological
defects are inevitably formed which introduce centres exhibiting strongly local elastic dis-
tortions. Regions exhibiting a large enough local curvature could trigger additional pairs
of defects. Furthermore, condensed in-plane order could generate a Flory–Huggins-type
contribution, promoting the assembly of membrane inclusions. Finally, memory effects are
expected to play an important role.

Keywords: topology; topological defects; curvature; membranes

1. Introduction
Biological membranes [1,2] are walls separating the interior and exterior of biological

cells. They play diverse roles, including in cell-to-cell communication, waste control, trans-
portation of nutrients, encapsulating particles or viruses, and cell budding and division,
to mention a few. These complex adaptive systems occur via the continuous adaptation
and optimisation of natural selection mechanisms with respect to the given conditions.
They typically consist of lipids, proteins, carbohydrates, cholesterol, and other components.
Lipids in the form of a bilayer are their basic constituents. Their membrane thickness
is several nm thick, which is relatively thin with respect to the lateral supra-micrometre
dimensions. Consequently, it is justifiable to invoke elastic continuum approaches [3–5] or
simple, effectively two-dimensional lattice-type approaches [6] to model several essential
membrane properties.

In general, biological cell membranes exhibit some kind of in-plane orientational
order [7–9] that can be modelled by p-atic mesoscopic fields [9–12]. These fields exhibit
symmetry invariance under 2π/p local in-plane rotations. In biological systems, one often
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observes nematic (p = 2) [13–15], tetratic (p = 4) [16], and hexatic (p = 6) order [17–20]. These
might play an important role in collective cell motion, cellular extrusion, cell budding or
fission, tissue morphogenesis, and the separation and/or aggregation of multi-component
membrane constituents [13,21–24].

In general, in-plane order inevitably introduces spatial inhomogeneities in curved
membranes owing to topology. For example, the Gauss–Bonnet (GB) and Poincare–Hopf
(PH) theorems [25–27] claim that closed membranes unavoidably possess topological
defects (TDs) [28] in the respective ordering fields in systems exhibiting non-toroidal
topologies. Therefore, they are surely present in spherical topologies that are the most
realised in biological cells. TDs refer to topologically protected localised field distortions. In
2D systems, their key properties are determined by the winding number k (2D topological
charge) [29], which is a conserved quantity. It is defined as the number of total rotations
of the field on encircling the defect centre counterclockwise on any closed path. At the
defect’s centre, the field order is not uniquely defined, and consequently the order is
melted. Topological charges exhibit discrete values, and their minimal value (elementary
charges) depends on the following field symmetry [30]: |kmin| = 1/p. TDs bearing positive
and negative values of k are referred to as defects and antidefects [31], respectively. Some
representative TDs in 2D nematic order are depicted in Figure 1. A pair {k,−k} on flat
substrates tends to annihilate into a defectless state. Namely, its total topological charge
is equal to zero and is topologically equivalent to a locally homogeneous state. Note that
TDs are energetically expensive (i.e., they have essentially melted defect cores and the
surrounding field is spatially distorted) and consequently a system tends to minimise their
number. Furthermore, for common conditions, their local energy penalty is proportional to
k2 [30]. Consequently, TDs bearing kmin are favoured. Therefore, a locally enforced single
“strongly” charged TD possessing |k| > |kmin| tends to decay into elementary charges.

In membranes, the number and distribution of TDs are strongly affected by the
membrane’s curvature field. The latter effects have been systematically analysed using
2D XY-type approaches [10,11,32–34]. In addition, TDs could act as attracting sites to
nanoobjects [35–37] immersed within biological membranes. Namely, these objects could
in general affect the membrane ordering field [38–42] and consequently interact with their
immediate neighbourhood. If they do not significantly distort the order, they are usually
attracted to the cores of the TDs (the regions surrounding the defect where the magnitude
of order is strongly affected) [35–37]. In cases where a nanoobject (or its assembly) strongly
deforms the local orientational field [31,43], it can act as an effective topological defect and,
owing to the defect conservation law, generate additional TDs in the system. These TD-
enabled inhomogeneities in the membrane, which could also be triggered dynamically [44]
(e.g., by shape changes or high enough concentrations of membrane constituents), might
play an important role in several vital biological cell mechanisms.

In this contribution, we focus on membranes consisting of lipids (primary membrane
constituents) and some other membrane components (secondary membrane components,
e.g., proteins). We henceforth refer to the latter as inclusions. Of interest to us are common
universal mechanisms that impact the spatial distribution of inclusions. Firstly, using
Monte Carlo (MC) simulations, we illustrate the impact of inclusions possessing inherent
curvature on membrane shapes. We show that budding-like protrusions could be generated,
introducing strong spatial inhomogeneities in membrane configurations. Furthermore, the
richness of such patterns could be enormously increased if some kind of in-plane membrane
order is present. We present some common universal complexity-generating mechanisms
using simple mesoscopic modelling. We focus on universal phenomena related to TDs,
which we illustrate using the case of TDs in nematic liquid crystals (NLCs) [29]. TDs
in NLCs are relatively simply created, manipulated and observed. Consequently, they

https://doi.org/10.3390/cryst16050331

https://doi.org/10.3390/cryst16050331


Crystals 2026, 16, 331 3 of 19

represent an ideal laboratory system for testing validity and experimentally illustrating
universal topology-driven physics of TDs [24].

 

Figure 1. Representative TDs in nematic liquid crystals characterised by 2D topological charges k. In
(a,b), we show single TDs bearing elementary charges: (a) k = 1/2 (defect), (b) k = −1/2 (antidefect).
(c) A pair (1/2,−1/2) bearing the total topological charge ktot = 0. Such a pattern is topologically
equivalent to a defectless state. (d) A pair (1/2,1/2) bearing the total topological charge ktot = 1.
Such a pattern is topologically equivalent to a single defect bearing k = 1.

The plan of the paper is as follows. In Section 2, we present our MC simulation method
and mesoscopic modelling that we use in our analyses. Results are presented in Section 3,
and in Section 4, we summarise our findings. In Appendix A, we illustrate the derivation
of the membrane mesoscopic curvature free energy contribution. In Appendix B, we list
the key parameters used in the studies.

2. Methods
In the following, we first present the Monte Carlo simulations which we used to

study the impact of inclusions on the membrane budding instability. We then present
the mesoscopic modelling which we used to analyse the impacts of the ordering fields on
membrane inhomogeneities.

2.1. Monte-Carlo Method

A membrane is modelled using a 2D triangulated network of N vertices which were
occupied either by lipids (primary membrane constituents) or inclusions (e.g., proteins).
We assume that inclusions are curved and consequently impact the global membrane
curvature. Their number is given by Ni and Nl = N − Ni, respectively. The concentration
of inclusions is defined in simulations as c = Ni

N . Bonds between nearby vertices (thethers)
are of variable length l ∈ {lmin, lmax}, forming a mesh representing the membrane.
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2.1.1. Interaction Energy

The energy W of a microstate of a closed membrane of total area A is given by

W =
{

(wH + wd)dA, (1)

consisting of membrane bending penalty wH and direct interactions wd among nearby
inclusions.

For the bending energy density, we used the classical Helfrich expression [3] (see
Appendix A):

wH =
κ

2
(C1 + C2 − C0)

2, (2)

where C1, C2 stand for the principal curvatures of a local membrane patch of area dA,
C0 is the inherent local membrane curvature, and κ is the curvature elastic modulus. In
our simulations, we assumed a spatially varying intrinsic curvature field C0, which was
equal to zero at sites hosting lipids (i.e., primary membrane components) and not where
inclusions are present [6,45].

Furthermore, wd is introduced to model the inclusions’ assembling tendency. We
assumed a short range attractive interaction given by

wd = −κd∑ H
(
ρ0 − ρij

)
. (3)

Here, the sum runs over all inclusion pairs whose mutual in-plane distance is given by
ρij.ρ0 is the range of interaction, κd > 0 stands for the attractive interaction strength, and H
is the step function, which equals one for pairs separated for less than ρ0 and otherwise
equals zero.

2.1.2. Vertex and Bond Dynamics

We allowed thermally excited 3D random vertex moves ∆l and bond flips among
nearby vertices, which allowed the system to use rich thermal equilibrium configuration for
given conditions. Note that in this process we do not distinguish between edges’ primary
(lipids) and secondary (inclusions) membrane constituents. Each rewiring or bond flip
involves four vertices, forming two adjacent triangles, as illustrated in Figure 2. In the initial
configuration (a), the two central triangles share a vertical bond. During the flip, this shared
bond is removed and a new bond is established between the two previously unconnected
vertices, resulting in a horizontal bond connecting them instead (b), where the former
bond is shown as a dashed line to indicate its removal. Consequentially, the two original
triangles are replaced by two newly created triangles with a different orientation, altering
the neighbouring relationships between the four involved vertices and also affecting the
triangle neighbours, i.e., the surrounding four triangles that border the flipped region.
The probability Pv of accepting a vertex move or bond flip depends on the related energy
change ∆W of the system. When ∆W ≤ 0 and ∆W > 0, the change is accepted with Pv = 1
and Pv = e−∆W/(kbT), respectively, where kb is the Boltzmann constant.

2.1.3. Membrane Quantitative Measures

We present quantitative impacts using the average mean curvature of membranes〈
h
〉

, the membranes’ asphericity measure η, and the probability distribution of inclusion

clusters Pi. Here,
〈

h
〉

is calculated as the spatial and ensemble average of a membrane’s
local mean curvature

h = (C 1 + C2)/2, (4)
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where C1 and C2 represent principal curvatures of the membrane’s surface patch. The
overbar (. . .) marks the spatial average and <. . .> the ensemble average.

The parameter η quantifies departures from the spherical shape. We obtain it from
the gyration tensor [46], which we calculate as

Gαβ =
1
N

N

∑
i=1

x(i)α x(i)β . (5)

Figure 2. Schematic picture of a random MC bond rewiring event: (a) before and (b) after rewiring,
where the dashed line represents the removed bond.

The summation is carried over all discrete points determining the membrane surface

that are located by position vectors
→
r
(i)

=
(

x(i)1 , x(i)2 , x(i)3

)
. The origin of the Cartesian

coordinates {x1, x2, x3} is set to the centre of mass of the system. The asphericity is defined
as [47]

η =

〈
(λ1 − λ2)

2 + (λ1 − λ3)
2 + (λ2 − λ3)

2

2(λ1 + λ2+λ3)
2

〉
, (6)

where λi are eigenvectors of G. Key reference values of η are as follows:

(i) η = 0, spherical objects (λ1 = λ2 = λ3);
(ii) η = 1, one-dimensional objects (λ1 > 0, λ2 = λ3 = 0);
(iii) η = 1/4, 2D axisymmetric discs (λ1 = λ2 > 0, λ3 = 0).

Furthermore, we measure the ensemble averaged probability distribution Pi of cluster-
like assemblies where we count the number of inclusions N(c)

i in a connected cluster
of inclusions.

2.1.4. Simulation Parameters

In simulations, we set N = 3127, ∆l = 0.15 lmin, w = kbT0 comparable to the thermal
energy, where T0 = 300 K mimics “room” temperature, κ

w = 20, the ensemble averages
were taken over 10 different MC runs, and the intrinsic curvature of inclusions is set to
C0 = 1

lmin
.

2.2. Mesoscopic Model

An in-plane order in membranes exhibiting spherical topology inevitably generates
TDs, which introduce additional inhomogeneities in the membrane patterns. Furthermore,
TDs in general strongly interact with membrane inclusions. We illustrate the universal im-
pact of TDs in the case of nematic (p = 2) order realised in thermotropic liquid crystals [29].
Namely, in NLCs, universal physics of TDs could be relatively easily experimentally tested
and observed [24].
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We use a minimal 2D mesoscopic model in which we describe the membrane nematic
order and membrane local curvature with the nematic tensor order parameter Q and the
curvature tensor C, respectively. These are expressed as [21]

Q = s
(

n̂
⊗

n̂ − n̂⊥
⊗

n̂ ⊥
)

, (7)

C = C1 ê1
⊗

ê1 + C2 ê2
⊗

ê2. (8)

The quantity s ∈ [0, 1/2] is the orientational order parameter, n̂ is the nematic director
field [7], indicating the direction of a local in-plane ordering where ±n̂ states are physically
equivalent (the so-called head-to tail invariance corresponding to p = 2), n̂⊥ = v̂ × n̂, v̂
stands for the local membrane normal, and unit vectors {ê1, ê2} determine a local principal
curvature frame characterised by principal curvatures {C1, C2}. The resulting local Gaussian
curvature reads

CG = C1C2. (9)

2.2.1. Free Energy

We express the total free energy density per membrane area as [44] w = wH + wc + we,
where wH is given by Equation (2) and we set C0 = 0. The condensation term

wc = α0(T − Tc)TrQ2 +
β

4

(
TrQ2

)2
(10)

enforces condensation of the nematic orientational order below the critical temperature Tc.
The latter determines the second-order phase transition in a bulk flat system. The quantities
α0, β are positive phenomenological constants which define the equilibrium degree of bulk

order s0 =
√

α0(T0−T)
β below Tc.

We express the elastic contribution as

we =
κe

2

∣∣∇sQ
∣∣2. (11)

This term enforces a spatially homogeneous orientational order in the single elastic
approximation, where κe stand for representative positive elastic constants and ∇s marks
the surface gradient operator [21].

2.2.2. Membrane Shapes

In our mesoscopic simulations, we considered closed axisymmetric two-dimensional
membranes exhibiting spherical topology. A membrane analysed is assumed to be a surface
of the revolution with rotational symmetry about the z-axis within the Cartesian system
defined by the unit vectors (êx, êy, êz). These shapes are constructed by the rotation of
the profile curve about the êz axis by an angle of φ = 2π. Position vectors determining
axisymmetric surface are given by [44]

→
r = ρ(l)cosφêx + ρ(l)sinφêy + z(l)êz. (12)

Coordinates ρ(l) and z(l) determine the membrane profile, where l represents the arc
length of the profile curve. On the surface of the revolution, parallels and meridians are
lines of principal curvature.
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2.2.3. Scaling

We scale the tensor order parameter with respect to the bulk equilibrium order param-
eter. The curvature tensor and spatial coordinates are scaled in units of

R =
√

A/(4π) (13)

This length equals the radius of a spherically shaped membrane whose surface area A
is the same as the surface area of a membrane which we analyse. An additional important
length included in the system is the nematic order parameter correlation length. We express
it in the nematic phase as

ξ =
√

κe/(α0(Tc − T)) (14)

Using the scaled quantities Q → Q/s0 , C → CR , ∇s → R∇s , we obtain the following

expression for the dimensionless free energy density w → wR2

κe
:

w =
1
2

κ

κe
gH + s2

0

((
R
ξ

) 2
gc +

1
2

ge

)
, (15)

gH = TrC2,
gc = −TrQ2 + 1

4
(
TrQ2)2,

ge =
∣∣∇sQ

∣∣2.

For a given membrane shape, we calculate the order parameter profile by minimising
the free energy of the system.

3. Results
In this section, we analyse different common mechanisms giving rise to spatial inho-

mogeneities in biological membranes. In Section 3.1, we analyse the impact of inherent
inclusions’ curvature on membrane shapes using the MC approach presented in Section 2.1.
In these simulations, we do not consider any in-plane order. In Section 3.2, we use the
mesoscopic approach introduced in Section 2.2 and present various mechanisms that are
activated in the presence of an in-plane membrane order.

3.1. Curvature-Enabled Inhomogeneities

We focused on the impact of increasing the concentration c of inclusions and monitored
the macroscopic changes. Membrane configurations were obtained using MC simulations.
Some representative membrane patterns are shown in Figure 3. One can see that for
relatively low concentrations, the shapes are essentially spherical. In these structures, in-
clusions have roughly spatially homogeneous grouping. On increasing c, inclusions begin
to form assemblies, and the membrane shapes progressively depart from the spherical
geometry (e.g., structures shown for |c| > 0.11 in Figure 3). Furthermore, assemblies of
inclusions begin to form necklace-like filaments (see structures at c = 0.17 in Figure 3).
Related variations in quantitative measures are plotted in Figures 4 and 5. In Figure 4a, we
plot the average curvature of membranes

〈
h
〉

on increasing c. One can see progressively

increasing values of
〈

h
〉

, where steeper responses are observed above c ∼ 0.11. Accom-
panying changes in asphericity are plotted in Figure 4b. The general trend of η changes
suggests a gradual increasing of asphericity. A better indicator of qualitative changes on
varying c is the distribution probability PI of the inclusions’ cluster sizes, as illustrated
in Figure 5. In membrane configurations where necklace-like filaments are absent, the
distributions exhibit peaks until relatively low cluster sizes (below 10, see Figure 5a). On
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the other hand, when branching is pronounced, the distributions extend for far broader
intervals (e.g., contributions extend until 80 in Figure 5b). Our simulations are in rough
agreement with the linear instability analysis [6,48]. The latter suggests that branching
instability appears when the condition

Tb ∼ 12
kb

κd(1 − c)c (16)

is fulfilled. Here, Tb stands for the critical temperature below which budding is expected.
The latter arises only if the direct interactions between nearby inclusions favour their
assembling.

Figure 3. Characteristic membrane shapes on increasing c. Upper panel: T
T0

= 1.2, bottom panel:
T
T0

= 0.8. Blue and red colours mark membranes (lipids) and inclusions (e.g., proteins), respectively.
The membrane is modelled as a 2D triangulated network of N = 3127 vertices; inclusions carry
a nonzero intrinsic curvature C0 = 1/lmln, while lipids have no curvature. At low inclusion
concentrations (c < 0.11), the membrane remains nearly spherical, with inclusions distributed
roughly homogeneously. Above a critical concentration, budding appears: inclusions aggregate into
assemblies that progressively deform the membrane, eventually forming necklace-like filamentous
protrusions visible at c = 0.17.

Figure 4. Variation in characteristic membrane parameters on increasing inclusion concentration c:

(a) time average curvature of the membrane
〈

h
〉
(c) and (b) time average vesicle asymmetry η(c) at

temperatures 0.8 T0 and 1.2 T0; that is, below and above budding temperature, respectively. The mean
curvature is found from the spatial and ensemble averages of the local principal curvatures, while the
aphericity is derived from the eigenvalues of the gyration tensor (η = 0 for a perfect sphere, η = 1
for a rod-like shape). Both metrics show a progressive departure from spherical geometry, with a
steeper response appearing at higher concentrations.

https://doi.org/10.3390/cryst16050331
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Figure 5. Distributions of clustering inclusions Pi = Pi

(
N(c)

i

)
. Qualitatively different states are

plotted with inclusions (depicted in red) on a neutral membrane shown in blue. (a) c = 5%, T
T0

= 1.2;
(b) c = 14%, T

T0
= 1.2. The histograms count the fractions of inclusions belonging to connected clusters

of size N(c)
i (groups of inclusions mutually separated by less than the interaction range ρ0). In (a), at

low concentration and above the critical temperature, clusters are small (sizes below 10), indicating
dispersed inclusions and a near-spherical membrane shape. In (b), at higher concentrations, the
distribution extends to cluster sizes up to 80, reflecting the formation of large inclusion assemblies
and the necklace-like membrane protrusions. This qualitative change is consistent with the budding
instability condition (Equation (16)).

3.2. Presence of p-atic Order

A much more complex pattern of inhomogeneities is observed if some kind of mem-
brane in-plane order is present and described by a relevant p-atic order parameter field. In
many cases, such an order condensates either via discontinuous or continuous phase transi-
tion on lowering temperature. Specifically, the evolutionary proximity of phase transitions
is advantageous because systems in this regime are more responsive to different stimuli.

To illustrate this, we use a minimal mesoscopic model. In the presence of inclusions of
concentration c, the relevant average total free energy density w(tot) of the system in the
diluted regime (c ≪ 1) reads as follows [49–52]:

w(tot) ∼ (1 − c)w + χc(1 − c) + wmix. (17)

Here, w determines the spatially averaged membrane free energy density contribution,
the second term is the so-called Flory–Huggins term, and the third is the entropy mixing
contribution. In common systems, the Flory–Huggins parameter χ is positive and triggers
phase separation if it exceeds the critical value χc. Let us suppose that χ < χc, so that
phase separation does not appear in the absence of orientational order. Suppose that
the temperature is decreased just below the critical temperature Tc, where the quadratic
contribution in the condensation free energy prevails, i.e.,

wm ∼ α0(T − T∗)s2. (18)

Here, s stands for the spatially averaged value of the relevant amplitude order parame-
ter field and T∗ marks the temperature where the quadratic contribution in the condensation
free energy contribution becomes negative (in the minimal model presented in Section 2.2.
it holds at Tc = T∗). In general, T∗ = T∗(c) is lower with c (because in diluted systems
the average interaction between the primary membrane constituents is decreased). In
the diluted regime, minimal models suggest that T∗ ∼ T∗

0 − λc [52], where T∗
0 and λ are
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independent of c. Consequently, the condensation term exhibits a Flory–Huggins-type
structure, yielding the effective Flory–Huggins interaction [53].

If χ(e f f ) > χc, the condensation of the orientational order could trigger phase separation.
Furthermore, a condensated in-plane order in general unavoidably introduces topo-

logical defects (TDs) into membranes which could serve as attractors for the membrane-
embedded inclusions. The total topological charge ktot of a closed membrane exhibiting
in-plane order is determined by Gauss–Bonnet and Poincare–Hopf theorems [26,27]:

1
2π

{
CGdA = χE, (19)

χE = ktot. (20)

Here, χE = 2(1 − g) stands for the Euler characteristics of a closed surface, CG is the
Gaussian curvature of a local surface patch of area dA, and the genus g counts the number
of holes within the surface. Therefore, for objects exhibiting spherical topology (g = 0),
ktot = 2. Consequently, surfaces exhibiting p-ative ordering fields in normal conditions
tend to exhibit [30] two, four and twelve TDs for cases p = 1 (polar order, |kmin|), p = 2
(nematic order, |kmin|) or p = 6 (hexatic order, |kmin| = 1/6).

However, in general, membranes could host even larger number of TDs in thermal
(quasi) equilibrium if they possess strongly curved shapes and/or inclusions. Firstly,
regions exhibiting negative CG could be generators of additional TDs, where their number
and positions can be predicted well by the Effective Topological Charge Cancellation
(ETCC) mechanism [21]. According to this, each surface patch of area ∆A, characterised
by the corresponding spatially average Gaussian curvature CG, tends to be “effectively
topologically neutral”. The latter condition is fulfilled when [21]

∆k(e f f ) = 0, (21)

where the effectively topological charge is defined as

∆k(e f f ) = ∆ktot + ∆kCG . (22)

Here, ∆ktot refers to the total winding number within ∆A and ∆kCG stands for the
hypothetical curvature-induced charge, defined as

∆kCG = − 1
2π

x

∆A

CGdA ∼ − 1
2π

CG∆A. (23)

Note that, in Equation (22), ∆k(e f f ) is strictly zero if ∆A = A (i.e., the surface patch
covers the whole membrane), and in this case, Equation (21) displays the GB-PH theorems.
Equation (23) suggests that surface patches exhibiting CG > 0 (CG < 0) act as a “smeared”
curvature-induced [34] negative (positive) charge, which tends to be compensated by a
“real” topological charge.

In Figures 6 and 7, we illustrate the ETCC-predicting power for the nematic order. In
this case, |kmin| = 1/2 and ktot = 2.

In Figure 6a, we plot the configuration in a perfectly spherical membrane. In this
case, the smeared curvature charge is negative and spatially homogeneous. The latter is
compensated by four k = 1/2 elementary charges which mutually repeal. Consequently, the
resulting configuration maximises their mutual separation. In the left side of the picture,
we plot the amplitude and phase field within the in-plane surface characterised by relevant
scaled variables running in perpendicular directions.
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Figure 6. TDs within membranes exhibiting nematic order. In the left panels, we depict the director
field n̂ and superimposed amplitude of order within the {l, φ} plane (Ls determines the length of
the profile shape curve). The left panel illustrates membrane shapes with the corresponding order
parameter amplitude profiles. (a) Spherical and (b) prolate shapes hosting four k = 1/2 TDs. The
degree of order is marked by different colours where the scale bar is at the right size.

In Figure 6b, the central region exhibits CG ∼ 0 and at the poles of the structure
CG > 0. Consequently, TDs are attracted towards the poles.

In Figure 7, we introduce regions exhibiting negative Gaussian curvature whose
surface curvature charge tends to be compensated by real TDs. The overall membrane
structure is in this case not topologically neutral if only four elementary topological charges
(fulfilling the GB-PH theorems) would be present. To achieve neutrality, additional pairs {de-
fect,antidefect} need to be formed [34]. In Figure 7a, we show the case where two {1/2,−1/2}
pairs are formed. For a strongly curved neck connecting the two nearly spherical membrane
paths, the curvature spatial variations are large enough to form four additional {1/2,−1/2}
pairs; see Figure 7b. In this case, both spherical parts exhibiting CG > 0 and the neck
area with CG < 0 are topologically neutral. Note that cases shown in Figure 7 illustrate
possible origins of TD-driven membrane fission processes; specifically, several TDs are
localised at the neck region. Note that the relevant order parameter amplitude is relatively
low within the defect cores, suggesting strong fluctuations in the relevant orientational
order. This could in turn weaken intermolecular interactions, leading to the rupture of the
neck. If the neck is ruptured in the structure shown in Figure 7b, two spherical membranes
would be formed, each hosting four k = 1/2 elementary TDs.
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Figure 7. Additional TDs could be formed if membrane structures possess regions exhibiting a large
enough curvature. In thumblike membrane shapes, antidefects are assembled within the necks of the
structures, characterised by negative Gaussian curvature. Structures hosting (a) six k = 1/2 and two
k = −1/2 TDs; (b) eight k = 1/2 and four k = −1/2 TDs. The degree of order is marked by different
colours where the scale bar is at the right size.

4. Conclusions
We illustrate numerically different mechanisms generating spatial inhomogeneities

which could enable the assembling of various inclusions within membranes. These could
provide nucleation centres to trigger qualitative changes in membrane configurations
and related functionalities. We restricted the analysis to membranes exhibiting spherical
topologies, which are most often encountered in biological cells.

By means of relatively simple MC simulations, we studied the impact of inclusions
possessing intrinsic curvature on membrane shapes. We show that, below a critical tempera-
ture, inclusions could form large enough assemblies that can form necklace-like protrusions.
Such a qualitative change in behaviour could be observed even in the absence of in-plane
membrane order if inclusions possess a finite assembling tendency coupling strength. In
the presence of ordering, several additional mechanisms appear that could nucleate mem-
brane shape changes and could open pathways to diverse membrane functional changes.
Firstly, order–disorder phase transitions, in which some kind of order is condensated in
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a symmetry broken phase, are common in biological systems. The proximity of phase
transitions enables stronger responses [30] to various perturbations, which could be ex-
ploited in biological evolution [44,54]. In the symmetry breaking phase, an additional [53]
Flory–Huggins-type contribution in the free energy density appears in common cases. This
contribution could trigger phase separations and consequently the formation of regions
with higher concentrations of impurities, yielding larger probability of their assembling.
This additional contribution is significant if the relevant condensation free energy gain
to form order is large enough. Note that this phenomenon is commonly encountered in
mixtures of thermotropic liquid crystals [53] (prototypical soft matter representatives) and
colloids on nanoparticles on entering the nematic phase while lowering the temperature.
In such cases, the kinetic path through which the final state is reached is also important. By
varying it quantitatively and even qualitatively, different configurations could be reached.
TDs are an additional source of inhomogeneities which could trigger membrane changes.
Due to topological reasons, they are present at least in membranes exhibiting spherical
topologies, which are the most common. Their minimal number can be determined using
the GB-PH theorem and depends on the symmetry of the ordering field. For the topology
of a sphere exhibiting a p-atic order, 4, 8 and 12 TDs are expected for p = 2, 4 and 6,
respectively, if equilibrium profiles are established. Furthermore, we illustrated that a high
enough local curvature could generate additional TDs by forming {defect–antidefect} pairs.

Our illustrations above were based on free energy minimization. However, membrane
order is expected to be highly susceptible to various perturbations, which might give
rise to metastable configurations. This could be due to an effective 2D membrane order
(i.e., in 3D systems, constituents are coupled strongly because they have more first-order
neighbours). Furthermore, if the order is established via a continuous symmetry-breaking
phase transition, then such a system will exhibit easily excitable Goldstone modes [30].
Due to these, according to the Imry-Ma theorem, even infinitesimally weak random-type
disorder can destroy the long-range order anticipated in the absence of disorder. The
resulting configuration is expected to consist of domain-type patterns of characteristic
length ξd ∝ 1/κ

2/(4−d)
dis [55], where κdis measures the disorder strength and d stands for the

space dimensionality. Note that other studies [56–59] have revealed that the applicability
of this argument to real systems is questionable; however, it nevertheless identifies the
strong susceptibility of such systems to static disorder. The latter is definitely present in
real membranes, owing to the diversity of membrane constituents. Note that domains
and TDs are mutually related. Indeed, the typical domain growth observed in fast enough
order–disorder quenches [60–64] is realised via the annihilation of defects and antidefects.
If strong enough disorder is present, some annihilations could be prevented, stabilising
structures with larger numbers of TDs with respect to simple GB-PH topological prediction.
In addition, high enough local curvatures could generate additional pairs {defect,antidefect}
to enable local topological neutrality. High curvatures are often formed in membranes since
biological membranes can in general be exposed to strongly varying conditions [44,65]
(e.g., erythrocytes travelling through fractal-like blood circulatory system, division and
budding of cells, etc.).

Studies in membranes might also be of interest for other branches of physics. For
example, it might be that physical fields represent the fundamental natural entity in which
“particles” emerge as topologically stable field excitations [66–70]. In these phenomena,
curvature [25–27] plays the central role. Biological membranes represent a relatively
easily experimentally accessible system in which basic features related to curvature can be
controlled and systematically analysed in detail to understand basic generic mechanisms.
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Appendix A. Curvature Beyond the Mean and Gauss Curvatures
Cell shapes depend on the intrinsic shape and elastic constants of membrane con-

stituents and their interactions, including interactions with the membrane skeleton and
cytoskeleton [71]. It has been shown that a non-homogeneous lateral distribution and
lateral phase separation of membrane constituents in a multi-component membrane may
be a driving force of cell shape transformation [72–76]. The shapes of membrane con-
stituents (lipids and inclusions and the nanodomains they form) are generally anisotropic
(Figure A1). Therefore, the membrane energy and its global and local shape also depend
on the orientational ordering of anisotropic constituents and deviatoric bending, especially
in the highly curved membrane regions [8,74,77–86].

Figure A1. Example of two anisotropic intrinsic shapes of flexible membrane nanodomains. (a) An
arc-shaped (banana-like) nanodomain with C1m > 0 and C2m = 0 (CHm = CDm). (b) A saddle-like
nanodomain with C1m = −C2m (CDm > 0, CHm = 0).

For an anisotropic membrane, the impact of curvature is within the theory of deviatoric
elasticity described by the mean curvature CH = (C 1 + C2)/2 and the curvature deviator

CD = (C1−C2)/2 =
(

CH
2 − CG

)1/2
[8,74,77–79], where CG = C1C2 is the Gaussian

curvature, C1 and C2 are the two principal curvatures, and C1m and C2m are the two
intrinsic principal curvatures describing the intrinsic shape of the membrane nanodomain
(see Figure A1). We define the intrinsic mean curvature CHm = (C 1m + C2m)/2 and the
intrinsic curvature deviator as CDm = (C1m−C2m)/2. Curvatures CH and CD are the
1st- order invariants, while the Gaussian curvature CG is the 2nd-order invariant of the
curvature tensor.

The theoretical framework of deviatoric elasticity is grounded in the derivation of the
membrane-bending energy of the anisotropic membrane nanodomain [87–89]. The model
assumes that the elastic energy of a single membrane nanodomain is the lowest when the
principal curvatures at that location with the principal curvatures C1 and C2 align with the
intrinsic curvatures of nanodomains C1m and C2m. The local membrane curvature can be
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quantified by comparing the orientations of the local membrane curvature tensor C and the
intrinsic curvature tensor Cm of the membrane nanodomain at this location. In their local
frames, they are expressed as

C =

(
C1 0
0 C2

)
, Cm =

(
C1m 0
0 C2m

)
. (A1)

These two tensors, describing the local directions of the membrane and the nan-
odomain principal curvatures, respectively, can generally be rotated relative to each other
by an angle ω in the tangent plane at the given point on the membrane. The correspond-
ing mismatch tensor is given by M = R CmR−1 − C, where R is the rotation matrix that
quantifies the angular disparity [87,88]:

R =

(
cosω −sinω

sinω cosω

)
. (A2)

The membrane nanodomain reorients in the tangent plane by ω radians to match the
membrane curvature and minimise energy, reflecting the energetic cost of deformation. The
approximate elastic energy is expressed as a series expansion in the independent invariants
of the mismatch tensor M. Using the trace and determinant of M as invariants yields the
following expression [87,88]:

WD =
{

(
κ1

2
(TrM)2 + κ2DetM) dA, (A3)

where the integration is carried across the closed membrane surface and {κ1, κ1} are material
dependent elastic constants. In the case of the vesicle membrane composed only of one
type of membrane nanodomain, we find the following [8,74,79,88]:

WD =
{

((2κ1 + κ2)(CH − CHm)
2 − κ2(CD

2 − 2CDCDmcos2ω + CDm
2) )dA. (A4)

Note that the energy associated with the deviatoric term ∝ cos(2ω) [8,74,79,80,82]
refers to the extrinsic curvature term [90,91].

In the case of an isotropic membrane, where CDm = 0, the expression Equation (A4)
transforms into the well-known expression for Canham–Helfrich–Evans bending energy
density [3,92,93] described by

wb =
κ

2
(2CH − C0)

2 + κGCG. (A5)

Here, C0 refers to the spontaneous curvature and κ = κ1 and κG = κ2 are Helfrich
bending and splay moduli, respectively [88].

Appendix B
Appendix B summarises the principal symbols used throughout the paper, together

with a brief description and the equation in which each parameter is first defined or most
explicitly introduced.
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Symbol Description Equation

c Concentration of inclusions

κ Bending (curvature elastic) modulus Equation (2)

κd
Attractive interaction strength between

nearby inclusions
Equation (3)

κe Elastic (orientational) interaction strength Equation (11)

C1, C2 Principal curvatures of a local membrane patch Equation (4)

C0 Intrinsic (spontaneous) curvature of inclusion Equation (4)

h,
〈

h
〉

Mean curvature and its ensemble average Equation (4)

CG Gaussian curvature Equation (9)

η Asphericity parameter Equation (6)

Q Nematic tensor order parameter Equation (7)

s Uniaxial nematic (scalar) order parameter

C Curvature tensor Equation (8)

ξ Nematic order parameter correlation length Equation (14)

Tb Critical budding temperature Equation (16)

χ Flory–Huggins interaction parameter Equation (17)

k Winding number

kmin Minimal winding number

ktot Total winding number

∆k(eff) Effective topological charge Equation (22)

∆kCG Curvature-induced charge Equation (23)
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74. Kralj-Iglič, V.; Svetina, S.; Žekž, B. Shapes of Bilayer Vesicles with Membrane Embedded Molecules. Eur. Biophys. J. 1996, 24,

311–321. [CrossRef]
75. Gov, N.S. Guided by Curvature: Shaping Cells by Coupling Curved Membrane Proteins and Cytoskeletal Forces. Philos. Trans. R.

Soc. B Biol. Sci. 2018, 373, 20170115. [CrossRef] [PubMed]
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