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Membrane deformations induced by attached BAR superfamily domains could trigger or facilitate the
growth of plasma membrane protrusions. The BAR domain family consists of BAR, F-BAR and I-BAR
domains, each enforcing a different local curvature when attached to the membrane surface. Our the-
oretical study mainly focuses on the role of I-BAR in the membrane tubular deformations generated or
stabilised by actin filaments. The influence of the area density of membrane attached BAR domains and
their intrinsic curvature on the closed membrane shapes (vesicles) was investigated numerically. We
derived an analytical approximative expression for the critical relative area density of BARs at which the
membrane tubular protrusions on vesicles are most prominent. We have shown that the BARs with a
higher intrinsic curvature induce thinner and longer cylindrical protrusions. The average orientation of
the membrane attached BARs is altered when the vesicle shape is subjected to external force of growing
actin rod-like structure inside a vesicle. The average orientation angle of membrane attached BARs may
indicate whether the actin filaments are just stabilising the protrusion or generating it by stretching the
vesicle.
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play an important role in cell division, cell migration, membrane
trafficking and organelle biogenesis [22].

The BAR domain superfamily consists of BAR/N-BAR, F-BAR and
I-BAR domains, where each of them enforces a different local cur-

1. Introduction

The aggregation of proteins in biological membranes plays an
important role in normal cell functioning. A disruption in key mech-

anisms of membrane protein aggregation may lead to different
neurodegenerative diseases [1].

The local accumulation and aggregation of membrane proteins
may result in the tubulation of cell membrane [2-4]. The tubu-
lation of cell membrane could be either spontaneous or induced
by external agents [2,5-18]. The BAR superfamily protein domains
are typical substances which change the membrane curvature in
such way that the membrane tubes are formed (Fig. 1) [19]. The
BAR domains may induce local membrane bending, if the bind-
ing energy of the BAR domain to the membrane surface is larger
than the energy required to bend the membrane [19]. The BAR
domains can dimerise and were suggested to be involved in mem-
brane association [20,21]. Members of the BAR superfamily also
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vature preference [23] when attached to the membrane surface.
The intrinsic shapes of BAR, F-BAR and I-BAR domains and their
dimensions are schematically shown in Fig. 1a. Below, we briefly
review some key properties of the BAR superfamily members.

The Bin/Amphiphysin/Rvs (BAR) protein domain is a crescent
shaped dimer (Fig. 1a) that preferentially binds to negatively
charged membranes having a highly positive curvature [20,24,25].
BAR domains were found in many different types of proteins
[26]. The BAR is a major N-terminal region of homology between
amphiphysin relatives [27]. BAR domains are also a part of the
Endophilin-A1 protein [28]. The BAR domains from endophilin and
amphiphysin have hydrophobic amino-acid residues which are
inserted into membranes. The amphiphysin BAR dimer is capa-
ble of stabilising the membrane curvature [29]. The amphiphysin
domains could also tubulate liposomes in vitro like dynamin [30].
The N-BAR domain consists of a BAR domain and an N-terminal
amphipathic helix working as a functional unit to generate mem-
brane curvature [31,32]. Experiments with lipid bilayer vesicles
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Fig. 1. Schematic presentations of the BAR superfamily domains and the cylindrical
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surface with the attached rod-like BAR domain. (a) The BAR domains are presented with

their typical dimensions and curvature preferences (partially adapted from [73]). (b) The flexible rod-like BAR domain attached to the membrane surface of the cylindrical
shape, where R; is the radius of a cylinder. Angle w is the angle between the normal plane of the first principal curvature C; and the normal plane in which the BAR domain

is lying. G, is the second principal curvature.

(liposomes) show that the lateral area density of N-BAR domains
on tubes of lipid vesicles is significantly higher compared to the
membrane of the connected less curved parent vesicle membrane
[33].

The F-BAR modules have a lower intrinsic curvature than the
BAR/N-BAR modules (Fig. 1a). The F-BAR modules, present in many
proteins, have the preference to bind to membrane surfaces with a
positive curvature. F-BAR domains tubulate membranes. The over-
expression of the pacsin2 EFC/F-BAR domain can deform liposomes
into tubules in vitro and induce cellular microspikes, with the
pacsin2 EFC/F-BAR domains concentrated at the neck [34]. F-BAR
modules are essential for both the microspike formation and the
tubulation of membranes [34]. A detailed structure study and the
biochemical analysis of FCHo2 F-BAR domain are presented in [35].
F-BARs are frequently linked to cytoskeletal dynamics due to inter-
play with actin/dynamin [36,2,4].

I-BAR modules (Fig. 1a) preferentially bind to membrane sur-
faces of a negative curvature [37]. I-BARs are also capable of
deforming membranes and inducing plasma membrane protru-
sions, attaching to the interior of the membrane tubular protrusion,
as already discussed above [2,4]. It was shown that the membrane
deforming activity of IRSp53 proteins or I-BAR domains of IRSp53
proteins is essential for the bending of the membrane into filopodia
[38,39]. The structural basis of filopodia formation induced by the
IRSp53/MIM homology domain (IMD) of human IRSp53 was stud-
ied in [40,41], while IMD/I-BAR domains of IRSp53 proteins were
recognised and biochemically analysed in [42]. The IMD forms a
dimer, with each subunit folded as an antiparallel three-helix bun-
dle. Similar to BAR/F-BAR domains, the IMD/I-BAR domains also
bind to the membrane, but the comparison of the structure between
the BAR/F-BAR and the IMD/I-BAR domains reveals that they have
different membrane curvature preferences. The membrane bind-
ing surfaces of the BAR/F-BAR and the IMD/I-BAR modules have
opposite curvatures [41]. It was shown that IMDs, when bound to
the liposome surface, can induce the formation of membrane tubu-
lar invaginations that protrude into the liposome interior [38]. The
[-BAR domain of IRSp53 (Fig. 1a) attached to the inner membrane
surface alone may induce dynamic membrane protrusions that lack
actin and are thinner than normal filopodia [14].

It is still not fully clear whether the membrane protrusions in
the leading edge of migrating cells are pushed and deformed by the

polymerising actin filaments inside the cell, or the membrane tubu-
lar deformations are only stabilised by actin filaments [2]. Yang et al.
suggested [2] that actin filaments are not necessary for the gener-
ation of the membrane protrusion, but only to stabilise the initial
protrusion induced by I-BARs (see also Fig. 6). The formation and
maintenance of actin-based cellular protrusions relies on the trans-
port of proteins to the protrusion tip via myosin motors [43]. It was
indicated that the formation of initial membrane protrusion may
be additionally facilitated by a combined effect of pentasaccharide
GM1 and [-BARs [4].

In this paper, we studied the influence of membrane attached
BAR domains on the shape of biological membranes. Our theoreti-
cal model is constructed in the manner to mimic the impact of the
BAR domain superfamily on the tubulation process of the biological
membrane or the liposome. We assume that different types of BAR
domains, i.e. BAR, F-BAR and I-BAR domains, attach to the mem-
brane surface in a manner as schematically sketched in Fig. 1a and
not with the opposite side. Therefore, each type of BAR domains
enforces a different curvature to the membrane as schematically
shown in Fig. 1a. In rare cases, BAR domains may also form mem-
brane contact with their side surface, rather than with the concave
surface. Such side-laying attachment of the BARs to the membrane
surface was first suggested by [25] and later also confirmed by MD
simulations at very low values of the local area density of F-BAR
domains [44]. Our theoretical model is applicable to BAR, F-BAR and
[-BAR domains, but our study is mainly focused on the role of I-BAR
domains in the formation and stability of the membrane tubular
protrusions. We also study the effect of external force, which may
be a result of a growing actin cytoskeleton inside a vesicle.

The paper is organised as follows. In Section 2, we introduce the
theoretical model of the membrane with attached BAR domains
and inner actin structure. In Section 2.1 and in supplementary
materials, we describe a general numerical method which is then
applied to calculate the equilibrium closed membrane shapes with
tubular protrusion and the corresponding lateral distribution of
attached BARs which correspond to the minimum of the system
free energy. The results of our numerical calculations are presented
and discussed in Section 3. The conclusions are presented in Sec-
tion 4. Finally, the paper is closed by the technical Appendix A with
the mathematical details about a special case of limit cell/vesicle
shapes, which consist of the spherical part and the cylindrical
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tubular protrusion, where the BAR domains are attached only to
the membrane of protrusion.

2. Model

We considered a system consisting of flexible rod-like objects
attached to a closed membrane. The rod-like objects may represent
BAR, F-BAR or I-BAR domains, each of them having its own intrinsic
curvature. Note that BAR and F-BAR domains usually bind to the
outer membrane surfaces, while I-BAR domains attach to the inner
surfaces of membranes. The variational parameters of the model are
the local membrane curvature C and the local relative area density
of BARs ¢ which are both determined in the process of variation of
the system free energy.

The total free energy of the system, i.e. the free energy of the
closed membrane with attached BAR domains, is expressed as an
integral of the sum of the densities of membrane bending energy
(fp), BAR domain bending energy (f;qr), and the configurational
entropy of attached BAR domains (fiix):

Ftot:/(fb +¢fbar +fmix) dS, (1)
S

where in the second term f}, the bending energy of the BARs is
coupled with the membrane through the local membrane curvature
C. Here, dS is an infinitesimal surface element and the integration
is carried out over the whole membrane surface area S. The free
energy density contributions are expressed as

fy=5(C+G -GV, 2)

foar = T22(C - G, 3)
kgT

fox= -9+ (1—)in(1 )L (4)

The membrane bending energy density f;, is described within the
spontaneous curvature membrane model [45-49], where « is the
membrane bending constant, Cy is the membrane spontaneous
curvature, and C; and C, are the local principal curvatures of the
membrane/vesicle surface.

The second partin Fo: (Eq. (3)) is the elastic curvature (bending)
energy density of the flexible rod-like BAR domains attached to
the membrane. Note that Eq. (3) assumes circular (radial) intrinsic
shape of the protein with the constant intrinsic curvature along the
long axis of the BAR protein. Moreover, Eq. (3) assumes also that
the bending deformation of the BAR domain along its long axis does
not substantially vary.

The orientation-dependent energy of a single attached pro-
tein domain (Fig. 1b) was originally introduced in Refs. [50,51].
The rigidity and curvature preference of the BAR domain is deter-
mined by the flexural rigidity K, the length of the domain Lo, and
the intrinsic (spontaneous) curvature C, of the domain. The local
membrane curvature C, seen by the attached BAR domain, can be
expressed by Euler relation as:

C = H + Dcos(2w). (5)

Here, w is the angle between the normal plane of the first principal
curvature C; and the normal plane in which the BAR domain is
lying as shown in Fig. 1b; D=(C; — (3)/2 is the curvature deviator
and H=(C; +(3)/2 the mean curvature at the given location on the
membrane surface. The angle w corresponding to the minimal fp,g,
given by Eq. (3), where Cis expressed by Eq. (5), equals to

p—H

cos(2w) = )

(6)

The configurational entropy contribution of the attached BARs to
the free energy is given by Eq. (4), where kg is the Boltzmann con-
stant and T absolute temperature. The symbol ag in Eq. (4) denotes
the area of a single attached BAR domain. The role of the entropy
increases with decreasing values of ag and vice versa. The local rel-
ative area density of BARs ¢ ranges between O and 1. Note that
Eq. (4) takes into account the finite size (area) of the attached BAR
domains (see also [52,53,12]).

The orientational entropy of the BAR domains is related to rota-
tional degree of freedom which depends on the area density of
BARs. Namely, at low area density the rotational degree of free-
dom of the single BAR domain is not sterically hindered by the
neighbouring BAR domains. To this end all orientational states of
single BAR domain are equally probable [51,6,11,17]. On the other
hand, at higher area densities of BAR domains the rotation of sin-
gle BAR domain becomes restricted due direct/steric interaction
with neighbouring BAR domains, so the configuration of membrane
attached elongated rod-like BAR domains may approach to close-
packing configuration [44] exhibiting nematic order (see Fig. 5). In
this work the curvature dependent contribution of orientational
entropy of the BAR domains to the total membrane free energy
[51,54] is for the sake of simplicity considered as a constant and
therefore omitted in the free energy expression.

Note also, that at very high values of the BAR domain area
density the efficiency of the of the membrane curvature variation
driven by attached BAR domains start to be diminished because not
all BAR domains have the free access to the membrane surface [44].
By using MD simulations it was shown by [44] that F-BAR domains
most efficiently generate the membrane curvature variation for the
area densities of BAR domains lower than 13 dimers per 1000 nm?
[44].

Fig. 1b shows a special case of the rod-like BAR domain attached
to the outer surface of the membrane of cylindrical shape. In
general, BARs are attached to the inner or outer surface of the mem-
brane of the arbitrary shape/curvature. Our theoretical description
of the energy of BAR domains attached to the membrane surface is
general. However, our results are mainly related to I-BAR domains
attached to the inner membrane surface.
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Fig. 2. Vesicle shapes calculated for different values of the average relative area
density of BARs ¢qve. The directions of BARs are denoted by grey lines. The local rel-
ative area density of attached BARs ¢ is visualised with the colour code. The shapes
were calculated for the following parameters: Co = 0, v =0.66, C, =8, KpLo/2 = k.
The shapes in the upper panel were calculated without the entropy of mixing.
The entropy of mixing was taken into account for the shapes in the lower panel:
=30kgT, Ry =250 nm, ao =100 nm?. (For interpretation of the references to colour
in this legend, the reader is referred to the web version of the article.)
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2.1. Numerical minimisation

In this work, the vesicle shapes are considered as a closed surface
with rotational symmetry. To define the surface of the vesicle, the
curve that defines the vesicle profile is rotated around the z-axis
by the angle ¥ =2x (see Fig. S.1 in supplementary materials). To
mimic the experimental conditions, the vesicle surface area S and
the volume V are kept constant during the minimisation procedure.
To study the shapes of the vesicles elongated by an external force,
we add the constraint of the constant vertical distance between
the poles of the vesicle z(Ls) > d, where d is the minimum vertical
distance [55,56] (Fig. S.1 in supplementary materials).

In order to obtain the equilibrium vesicle shapes, the membrane
energy (Eq. (1)) is minimised numerically at non-linear constraints
for the total volume, the total surface area, the average relative area
density of attached BARs, and the fixed vertical distance between
the poles of the vesicle [57]. We visualise the local area density
of attached BARs ¢ with the colour code, as explained in Fig. S.1b
in supplementary materials. All lengths are scaled with respect to
Ro, i.e. the radius of the sphere with the same surface area as the
surface of the investigated vesicle. Further details of our numerical
procedure are described in the supplementary materials.

3. Results and discussion

We studied the influence of the relative area density of the mem-
brane attached BAR domains and their intrinsic curvature on the
vesicle shapes determined numerically as described in Section 2.1.
Different examples with and without entropy term in the expres-
sion for the membrane free energy are considered. The role of actin
filaments in the growth of membrane tubular protrusion is also
elucidated.

Firstly, we analysed the influence of the total number of the
attached BAR domains on the vesicle shape and the lateral distri-
bution of the attached BARs as presented in Fig. 2. If the entropy of
mixing is not taken into account, the membrane attached curved
rod-like BAR domains may form tubular protrusions even at a
relatively low number of attached BARs. Neglecting the entropic
contribution to the membrane free energy, the vesicle protru-
sion is most prominent at ¢gve = 0.33 for the reduced volume v =
0.66 (Fig. 2) and the corresponding vesicle shape is very close
to the limit shape, composed of the spherical and the tubular
part (Fig. 4). A brief description of a special case of the limit
axisymmetric cell/vesicle shapes is given in Appendix A. The cal-
culated vesicle shapes in the lower panel in Fig. 2 were predicted
by taking into account the entropy of mixing. One may observe
that higher average relative area densities of the attached BARs
are required to induce tubular protrusions if the entropic contri-
bution of the attached BARs is taken into account. Namely, the
configurational entropic effects hinder the non-homogeneous lat-
eral distribution of the attached BARs. Therefore, at lower values
of ¢ave BARs are practically homogeneously distributed (Fig. 2,
lower panel). At higher total numbers of the attached BARs, roughly
above ¢qve ~0.45, the attached BARs start to accumulate only in
one region. Consequently, considering the entropic contribution,
the tubular vesicle protrusions appear at @qve > 0.45 (Fig. 2, lower
panel).

The attached BAR domains are predicted to be oriented perpen-
dicularly to the symmetry axis of the tubular protrusion, with the
exception of large values of the total number of the attached BAR
domains as demonstrated in Fig. 2 (see the calculated shapes for
¢ave=0.45 and 0.65 in the upper panel of the figure). This is in
agreement with the predictions of MD simulations showing per-
pendicular orientation of BAR domains with respect to the tube
symmetry axis for “circular” (radial) shape of BAR domains [44], i.e.
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Fig. 3. Vesicle shapes, calculated for different values of C, (curvature of the BAR
domains). The directions of BARs are denoted by grey lines. The local relative area
density of attached BARs ¢ is visualised with the colour code. The entropy of mix-
ing was taken into account only for the shapes in the lower panel. Parameters:
Co=0,v=0.85, pave = 0.1078, KpLo /2 = k, k = 30kpT, Ry = 250 nm, ap =100 nm?.
(For interpretation of the references to colour in this legend, the reader is referred
to the web version of the article.)

the intrinsic shape of BAR domains with constant intrinsic curva-
ture along the long axis of BAR domain. For non-circular (elliptical)
intrinsic shape of BAR domains, where the intrinsic curvature is not
constant along the long axis of BAR domain, the results of MD simu-
lations predict small deviation from perpendicular orientation (i.e.
tilt) [44].

For high total numbers of the membrane attached BARs there
is not enough room for all BARs to be attached only in the region
of the membrane protrusion. In such cases, the BAR domains are
not only attached to the membrane of the cylindrical part, but also
elsewhere on the inner or outer vesicle surface. A new, qualita-
tively different region is created where the cylindrical protrusion
meets the spherical part of the vesicle. In that region, the membrane
attached BAR domains are oriented parallel to the symmetry axis of
the tubular protrusion. The shapes of the two vesicles on the r.h.s.
in the upper panel of Fig. 2 clearly show how the vesicle membrane
is locally curved by BARs in order to fit the membrane curvature
to their curvature. We predict no similar shapes when the entropy
of mixing is taken into account (Fig. 2, lower panel), because the
BAR domains are distributed throughout the vesicle surface more
homogeneously.

Fig. 3 shows vesicle shapes calculated for different values of the
intrinsic curvature of the BAR domains C;,. The average relative area
density of BARs ¢ave is the same for all vesicles and it was chosen
to be 5% higher than ¢;,;, (€=0.05 in Eq. (8)). We analysed the
influence of the BAR domain intrinsic curvature on the calculated
radius of the vesicle protrusions. Vesicle tubular protrusions are
thinner and longer for higher C,. The BARs having larger C;, prefer
to be attached to the membrane of the tubular protrusions with a
smaller radius. The calculated tubular protrusions of the vesicles
are longer when the radius of the protrusions becomes smaller.
Therefore, the surface area of the cylindrical protrusion remains
more or less constant during the elongation of the protrusion. The
surface area of the vesicle tubular protrusion remains almost con-
stant during elongation, because the total number of the membrane
attached BARs is kept constant and the majority of the membrane
attached BARs are located on the surface of the membrane which
forms the protrusion (Fig. 3).

The radius of filopodia protrusions is primarily influenced by the
intrinsic curvature C, of the attached BAR domains, i.e. it is roughly
inversely proportional to C,. Consequently, for larger magnitudes
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Fig. 4. Dimensionless parameters n=h/R and p =r/R with the corresponding limit shaped vesicles as the functions of the reduced volume v for € = 0.05. The inset in the upper
left panel represents limit vesicle shape, composed of the spherical part with radius R and the cylindrical protrusion of the vertical length h and the radius r. The shapes in the
bottom right panel are perfect geometric limit shapes calculated for different values of the reduced volume for € = 0.05. The shapes in the upper right panel were minimised
without the entropy of mixing for: € =0.05, Co =0, KpLo/2 =k, where the local relative area density of attached BARs ¢ is visualised with the colour code. C, was increased until
the vesicle shapes close to the perfect limit shapes were reached. All BARs are oriented perpendicularly to the protrusions main axis as schematically shown in the upper
right corner. (For interpretation of the references to colour in this legend, the reader is referred to the web version of the article.)

of C, the membrane tubular protrusions are thinner and longer
(Fig. 3). Therefore, in the absence of external force, the membrane
attached BAR domains define the equilibrium radius of the mem-
brane protrusion. The membrane attached BARs locally curve the
membrane in order to minimise the system free energy.

Numerically, we obtained the limit shapes by increasing the
spontaneous curvature of the BAR domains Cp at a given value of v
and ¢ave. When the value of G, is increased, the tubular protrusion
becomes thinner and longer (Fig. 3). We can increase the C, until the
calculated vesicle shape is composed of a sphere and a tubular pro-
trusion (Fig. 3). Further increasing of C, leads to an almost perfect
limit shape (Fig. 3, upper right shape). With the entropy of mixing
taken into account, we were not able to predict the perfect limit
shape (Fig. 3, lower panel). When the entropy of mixing is included
in the minimisation procedure, the BAR domains are distributed
more homogeneously and some of them are also found outside the
membrane surface of tubular protrusion attached to the membrane
of the spheroidal vesicle. For the perfect limit shape, all BARs have to
be attached to the membrane surface of the tubular protrusion. We
also observed that all the membrane surface attached BARs were
oriented in a perpendicular direction to the protrusion’s main axis
(Fig. 3).

The lower part of the vesicle becomes nearly spherical if G, is
large enough as presented in Fig. 3. In this case, the radius of the
cylindrical protrusion of the vesicle is very small, compared to the
radius of the nearly spherical part of the vesicle: r <R (see also
Fig. 4). If ¢ave is decreased, it is not possible to obtain the vesicle
shapes close to the limit shape, even for very large magnitudes of
Cp. Note that the volume of the cylindrical part of the vesicle com-
pared to the volume of the spherical part is negligible for the vesicle
shapes close to the limit shapes. Therefore, the volume of such vesi-
cles is equal to V~47R3/3 (see also Eq. (A.1)in Appendix A). On the
other hand, for the nearly limit shapes of the vesicles, the surface
area of the vesicle cylindrical protrusion is not negligible in com-
parison to the surface area of the spherical part of the vesicle, no
matter how thin the cylindrical protrusion is.

In general, if ¢ave (at a given v) is too low, the vesicle shapes that
are similar to the limit shapes cannot be obtained, no matter how
much G, is increased, since not enough membrane attached BARs
are available to stabilise the entire cylindrical protrusion. By ¢min,

we denote the minimal value of the average relative area density of
the attached BARs, which is required to obtain the limit shape cor-
responding to the minimum free energy of the vesicle membrane.
By setting p=r/R=0 in Eq. (A.4) (details are given in Appendix A)
for the nearly limit vesicle shape the estimated value of the min-
imum average relative area density ¢, of the attached rod-like
BAR domains, required to obtain the vesicle shape close to the limit
shape of vesicles at a given value of the vesicle reduced volume v
is:
v-2/3 _
Pmin(v) = 7/3 (7)

At average relative area densities lower than ¢,,;,, the predicted
vesicle shapes close to the limit shapes cannot be obtained. The
approximate consideration of the limit shapes given in Appendix A
is valid, when ¢gqye has the same or slightly higher value than ¢,
ie.

Pave(v) = (1 4 €)Pmin(v), (8)

where € can vary between 0 and approximately 0.1. For larger val-
ues of @gve, the approximate purely geometrical consideration of
the limit vesicle shapes is not accurate anymore, because the radius
of the tubular protrusion (r) is not small enough compared to the
radius of the nearly spherical part of the vesicle (R).

Different limit shapes of vesicles for different values of the
reduced volume v are presented in Fig. 4. In the calculations, we
were increasing the intrinsic curvature of BARs C, for each relative
volume of the vesicle until the obtained vesicle shape was very sim-
ilar to the perfect limit shape. For each value v, the average relative
area density of BAR domains ¢ave(v) was determined by Eqs. (7) and
(8) for €=0.05.

The values ¢qve and v, which satisfy Eqs. (7) and (8), were
inserted into Eqs. (A.3) and (A.4) in order to calculate the values
of p=r/R and n=h/R (see also Fig. 4), which are both functions of
v at the fixed value of €. We present functions p(v) and n(v) for
€=0.05 on the left side panels in Fig. 4. It can be seen that p(v)
is almost a constant function, which means that the radius of the
tubular protrusion compared to the radius of the spherical part is
practically not changing with the reduced volume. Function n(v) is



L. Mesarec et al. / Colloids and Surfaces B: Biointerfaces 141 (2016) 132-140 137

d=h=7.6
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Fig. 5. Equilibrium vesicle shapes calculated for different lengths of the actin
cytoskeleton rod-like structure inside the vesicle. We denote by d the cytoskeleton
length, by h the vertical height of the vesicle, and by ¢ the local relative area density
of attached BARs, which is visualised with the colour code. The directions of the ori-
entation of BARs are denoted by grey lines. The entropy of mixing was not taken into
account. Model parameters are: Co = 0, v = 0.65, Pave = 0.30, G, = 3.0, KpLo/2 = k.
(For interpretation of the references to colour in this legend, the reader is referred
to the web version of the article.)

decreasing with increasing v, which means that tubular protrusions
are becoming shorter.

The calculated shapes in the bottom right panel in Fig. 4 are
perfect geometrical limit shapes theoretically predicted from Egs.
(A.3) and (A.4) for various values of the reduced volume v and ¢gye,
calculated from Eqs. (7) and (8) for € =0.05. The calculated shapes
in the upper right hand panel in Fig. 4 result from the numerical
minimisation for the same values of v and ¢qve. They are very sim-
ilar to the perfect limit shapes. The numerically calculated vesicle
shapes in the upper right panel in Fig. 4 are in a good agreement
with the theoretically predicted shapes in the lower right panel.

It is interesting to examine how the distribution and orienta-
tion of the attached BAR domains can be altered by changing the
shape of the vesicle by an external force. Such force may result
from the action of a growing actin cytoskeleton inside the vesicle.
The influence of thickness of the inner cytoskeleton rod-like struc-
tures on the shape of the membrane protrusion is not considered
in this work. We assumed that the membrane protrusion is always
thicker than the rod-like structure inside the protrusion. The finite
thickness of the cytoskeleton rod-like structure could be simulated
by setting the constraint on the minimal radius r of the tubular
protrusion.

In Fig. 5 we analysed the calculated vesicle shapes under the
influence of an external force. The vesicles were elongated to dif-
ferent vertical lengths h. We observed that the orientation of BARs
in the tubular protrusion was changing when we increased the
cytoskeleton length d (see Fig. 5). The only way for the vesicle to
be stretched and at the same time keep the constant value of the
reduced volume v is the formation of the tubular protrusion. When
the vertical length of the calculated vesicle shape increases, the
tubular protrusion becomes thinner and longer. At some critical
value of the vesicle vertical length h, the first principal curvature of
the tubular part of the vesicle C; (see Fig. 1b) becomes larger than
the intrinsic curvature of the BAR domain, Cp. Starting from that
point, the orientation of the attached BARs on the tubular protru-
sionisadjusted according to Eq. (6) by an appropriate angle, in order
to minimise their elastic curvature energy (Eq. (3)). As presented
in Fig. 5, above some critical value of vesicle vertical length (h) the
angle of the attached BARs orientation (w) (defined in Fig. 1b) starts

Actin filaments
eeee |-BAR domains

J?}:_)_J}A\__)_J/ -

Fig. 6. Schematic presentation of the possible mechanism of the growth of the
membrane protrusion. I-BAR domains, bound to the inner membrane surface, may
generate the initial plasma membrane outward deformation. The space inside of
the deformation/membrane protrusion is filled with the actin filaments. The [-BAR
domains start to accumulate inside the tubular protrusion because of the favourable
negative membrane curvature. I-BAR domains generated cylindrical filopodia pro-
trusions are stabilised by actin self-assembly inside of the protrusion.

—— Cell membrane {

to become different from zero and continuously increases with the
increasing length of the inner cytoskeleton rod-like structure (d)
which is equal to the vertical length of the vesicle (h), i.e. h=d.

The membrane attached BAR domains laterally oriented for a
certain angle w which is different from zero may form a chiral sur-
face structure (Fig. 5 and right panel of Fig. 7). Note that chirality is
an important phenomenon in many branches of science. For exam-
ple, the formation of nanotubes may be driven by the self-assembly
of chiral amphiphiles [58-60]. Chirality is also important in the for-
mation of thin anisotropic nano strips, which may be transformed
into nanotubes [61].

Membrane tubular structures may also be the consequence of
anisotropic membrane properties [62,54]. Recently, an axisymmet-
ric model of a membrane protrusion that excludes the influence of
actin filaments was presented in [63,12] in order to study the effect
of anisotropy of membrane components (prominin nanodomain
rafts) and membrane attached molecules (I-BAR domains) on mem-
brane tubulation. It was suggested that the membrane protrusion
can be stable even without actin filaments [63] in accordance with
previous results indicating that the minimization of isotropic bend-
ing energy of lipids is not sufficient to explain the stability of the
membrane tubular structures [6,11,17].

In the process of growing of the plasma membrane protru-
sion, the initial deformation of the membrane can be generated
by I-BAR domains, bound to the interior of a closed membrane,
which is schematically shown in Fig. 6. The I-BAR domain intrin-
sic curvature favours negative membrane curvature of the inner
membrane surface, which in turn recruits more I-BAR domains [37]
(Fig. 6). I-BAR domains may induce actin self-assembly inside the
membrane protrusion and in this way initiate the formation of the
membrane protrusions [4]. Actin filaments fill the space inside the
membrane protrusion in the process of stochastic polymerisation
[2]. The initial membrane deformation during the growth of the
membrane protrusion is mechanically stabilised by accumulated
[-BAR domains which may also generate the initial growth of the
membrane protrusion (filopodic), while actin filaments are self-
assembling inside the protrusion (Fig. 6). Actin filaments may not
generate the growth of membrane protrusion alone, but they can
provide the mechanical support, which is important for the sta-
bilisation of the protrusion during its growth. It seems that actin
cytoskeleton is also necessary for a long-term stabilisation of effi-
cient filopodia protrusions [2].

The phase separation of membrane proteins is important in
imposing the local membrane curvature, and it may be the driv-
ing force for many cellular shape transformations [52,64,17]. The
spontaneous phase separation of membrane components (mem-
brane proteins), driven by the forces of actin polymerization and
cell-substrate adhesion, was in a quantitative manner predicted for
the first time in [64]. Veksler and Gov [64] presented a theoretical
model, where the cell membrane contains a constant population of
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BAR-Superfamily domains

!

MEMBRANE SURFACE

Fig. 7. The impact of external force on the orientation of BAR domains. The lateral orientation of the membrane attached BAR domains (grey lines) is changed, when the
vesicle is elongated by external force, which may result from the action of a growing cytoskeleton inside of the vesicle. The membrane attached BAR domains in the left and

in the right panel have the same intrinsic curvature Cj.

mobile proteins that may form small adhesion complexes. They
assumed that some membrane proteins activate actin polymer-
ization. When the cell membrane is stimulated by the external
stimulus, membrane bound activators (membrane proteins) are
turned on, which causes increased branching and polymerization of
the actin cytoskeleton in the vicinity of those proteins. As a result,
a local protrusive force starts to act on the membrane [65]. The
membrane proteins are very important also in the process of mem-
brane dynamics, which results in the emergence of the complex
membrane structures [65].

The direct interactions between BAR domains are not consid-
ered in our model. MD simulations indicate that at high area
densities of BAR domains BARs establish side-to-side contact due to
charged residues at the lateral contact points [44]. Side-to-side con-
tact may partially originate also from van der Waals forces [66,67],
which are not as strong as Coulombic interactions, but they are
always present in biological systems [66]. The neighbouring BAR
domains may interact only via their terminal groups, mainly due to
the electrostatic attraction between the oppositely charged groups
[25]. However, the results of MD simulations and experiments
predict for F-BAR domains the absence or very weak end-to-end
interactions [44,68].

The direct interactions between nearest neighbouring
BAR domains can be described in most simple way within
Bragg-Williams approximation [69,52,64,4,63,54] by considering
an additional energy term proportional to ¢2. Note, that the
Bragg-Williams approximation totally neglects the elongated
rod-like shape and orientational ordering of BAR domains. The
direct interactions between oriented rod-like BAR domains can
be considered also within a linear approximation of the energy
coupling with the deviatoric membrane curvature field [67].
In this description, the membrane curvature field that acts on
the orientation of BAR domains is created by the BAR domains
themselves.

The direct interactions between neighbouring BAR domains at
high area densities in close-packing conditions and nematic order
regime may be described also by an Ising model [70]. Further, in
order to take into account direct interactions one could introduce
also a term in the free energy density, which would contain the
surface gradient of the BAR domain orientation angle, similar term
is used for example in the theory of nematic shells [71]. Such a term
would favour the parallel oriented neighbouring BAR domains.

4. Conclusions

The domains of the BAR superfamily, attached to the surface
of a closed biological membrane, can in the process of lateral

segregation induce the growth of the stable cylindrical membrane
protrusions. We have shown that without the application of exter-
nal force, the membrane attached BAR domains are almost always
oriented in a perpendicular direction with respect to the main sym-
metry axis of tubular membrane protrusion. The exception are the
calculated vesicle shapes where the entropic term was not taken
into account in the minimisation of free energy and ¢ave > @min
(see the shapes of the two vesicles on the r.h.s. in the upper panel
of Fig. 2).

An external force, for example as a consequence of the growing
actin rod-like structure inside the vesicle, may change the aver-
age orientation of the rod-like membrane attached BAR domains
as schematically shown in Fig. 7. When the vesicle is stretched by
the external force the cylindrical membrane protrusion becomes
not only longer but also thinner (regardless of the value of () in
order to keep the constant volume of the vesicle. In this case the
membrane attached BARs adjust their lateral orientation in order to
minimise the system free energy. Accordingly, we have predicted
that the membrane attached BARs are rotated by an angle w dif-
ferent from zero (see Fig. 1b) when the external force is acting on
the vesicle membrane as schematically shown in Fig. 7. Above a cer-
tain critical value of the vesicle vertical length enforced by the inner
actin rod-like structure, the orientation angle of the attached BARs
w is continuously increasing with the length of the actin rod-like
structure, i.e. with the vertical length of the vesicle.

In the future, it would be interesting to experimentally deter-
mine the lateral orientation of the BAR domains attached to the
inner or outer surface of the vesicle or cell membrane protrusions,
when external force acting on the membrane is present. Exter-
nal force could be applied experimentally or it may be a result
of the action of a growing cytoskeleton inside of the vesicle or
cell. External force can be experimentally applied to the surface
of the cell membrane by cantilever of the atomic force microscope
[72].

To conclude, the lateral orientation of the membrane attached
BARs may be a consequence of the force created by actin cytoskele-
ton. If the orientation of the membrane attached BAR domains
were different from w=0 (see also Fig. 1b) in the absence of the
experimentally induced external force, this would mean that the
role of the actin cytoskeleton is not only to mechanically stabilise
the membrane protrusion, but also to stretch it, i.e. to induce the
process of the protrusion growth. The phenomenon of laterally ori-
ented membrane attached BAR domains might be important also
forintercellular communication. Namely, the membrane structures
like membrane tubular protrusions or tubular membrane vesicles,
with the attached BAR domains oriented by a similar angle « might
have a higher tendency to communicate with each other, due to the
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similar topological properties of the tops of the membrane tubular
protrusions.
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Appendix A. Limit shapes

Here, we briefly describe the limit axisymmetric cell/vesicle
shapes consisting of the spherical part and cylindrical tubular pro-
trusion as presented in Fig. 4. We assume that the attached BAR
domains are homogeneously distributed on the surface of the cylin-
drical part only, while the surface of the spherical partis completely
free of the attached BARs. We assume also that the cylindrical pro-
trusion is very thin, compared to the radius of the spherical part
(r < R). In the following, we shall determine the quantitative geo-
metrical characteristic of the above described limit shapes and
conditions.

The volume V and the surface area A of the limit shape equals to

V= gnR3 + 7r?h, (A1)

A = 4nR? + 27rh, (A2)

where R, h and r are defined in the inset in the upper left panel
in Fig. 4. The average relative area density of the attached BAR
domains equals to

2mrh _ 1
4nR2 4+ 2nrh ~ 14+ (2/p1m)’

Pave = (A3)
where p=r/R and n=h/R. An important geometrical parameter
defining the vesicle shape is its reduced volume v. It is defined
as the ratio of the vesicle volume V and the volume of the sphere
Vo = 471R?5 /3 with the same surface area:

1+3_P

vV 1+3%n g
Vo o\3/2 3/2° (A4)

(1+4) (1+¢_}_1>

where we took into account 47R3 = 47R? + 27rh and pn was
expressed from Eq. (A.3) as a function of ¢qye. Eqs. (A.4) and (A.3)
allow us to determine the relative radius of the cylindrical protru-
sion p and its relative height » as functions of the reduced volume
vand @qre.

Appendix B. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.colsurfb.2016.01.
010
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