HARMONICNO NIHANJE

Harmoni¢no nedusSeno nihanje

Splosno:

Potencialna energija (1 — D):

A

w (x)

Pogoj za minimum potencialne energije:

dw,

masa m dx

2
dw,

e >0

X=X,

r

N
>

X X

Izhodis¢e koordinatnega sistema premaknemo:

W, (x)

parabola, ki se najbolje prilega
krivulji W, (x) v okolici minimuma

za x<<1 razvijemo W, (x) v Taylorjevo vrsto

X2 dz\NIO
+ R
. 2 | dx?

W, (X)= W, (x=0)+x (d(;’:’(p}

T
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I1. Newtonov zakon za gibanje mase m:

ma = —kx m—-=—KkXx, — =——X.
m

nastavek za resitev :

x:xosin{(z—ﬂ)wd} :
t0

preizkus:
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HARMONICNO ali SINUSNO nihanje

0

X=X, Sin ﬁ—”JH&

X A
/\ /[ "
< t
)
t0

; 2

veljazveza w,t, =27 = @y ="~

0

@, = lastna krozna frekvenca

lastna frekvenca :

V=— = @,=27V
tO
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Primeri nihal, ki nihajo sinusno

nihalo na vijacno vzmet (visece)

g
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sucno nihalo na polZasto vzmet

torzijsko su¢no nihalo
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fizi¢no nihalo
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x=xosin{(2—ﬂjt+5 .

t0

v=%=x0 2z Ccos 2z t+o
dt t t

63



Primeri nihal, ki nihajo sinusno — teoretic¢ni opis

Nihalo na vija¢no vzmet

HORIZONTALNO gibanje mase m

Wg//%
=

m
nihajni ¢as ty=27 \’ F
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Energija harmonic¢nega nihanja

Kineti¢na energija mase

Celotna energija

2
W =W, +W, =1mx§ [le cosz{[z—”j t+5}+E X sin{[z—”j t+5} :
2 t, t, 2 t,
2

AN

t, ) m
Wzlkxg cos?| [ 2Z |t + & |+sin?|[ 22 |t + 5 :Ekxg.

2 t, t, 2
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VERTIKALNO gibanje mase m

T

k

X =X, + X .

ravnovesje : KX, =MQ .

. Newtonov zakon: Ma = mg — KX

2

m oz = mg — Kk (X, +X)
2

x=xosinK2—”jt+5] tozzﬂ\/E
t, k

Nihalo na polZasto vzmet (su¢no sinusno nihanje)
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. 2
nastavek: @ =@, SInKt—”]Hé}
(0]
d 2 2 2
kotna hitrost: aJ=—¢:¢O 2 lcos || £ |t+s Wy =@, il ,
dt t, t t,

2 2
Kotni pospesek : a = ((jjt—(zo =—, Lz—ﬂj Sin{(zt—ﬂ]t+5} ,

Matemati¢no nihalo
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I ®
® = odmik
m
mg
J=ml 2 predpostavka : ¢ <<1 singpz=g
M =—-mgle
2
M=392
dt
d2 2
—mglp =mizE 2 de_ 0,

dt? dt? |

. 2r
nastavek : @ =@, SIn Ht—]t+5}
0
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Fizi¢no nihalo
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os vrtenja

M =—mgr; sing

predpostavkA (sinp=g) za (¢ <<1) : M =—mgr; ¢

2
M=y
dt
d2
“mgr -3 &0

nastavek: go:goosinKZt—”JH&}
0
2 2
d ?z—(po 2—” sin 2—” t+0 |,
dt t, t,

J mgr,

poseben primer (matematiéno nihalo): J =mr; in I =|
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Primer :
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DusSeno nihanje

k
LRORERRRR 1 m
N g

Fd =—2mpv B = koeficient dusenja
dt dt’
2 2 2 K
X+28 %X+, x=0 w§=(t—ﬂ] “m
m

0

nastavek: X(t)=y(t)e " _ X=ye ' —28ye " + gPye "

yet—2pye + prye " +2p(ye M - Bye )+, y(t)e ' =0

e[y +(a5 ")y =0
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e/t [y+(a)§ -5 y]zo

y+(af-p)y=0
resitev :
_ 1
y =X, C0S(@yt+5) @ = (0} - B )?
P <,
X1 o=2r
e
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p<w, y+(a@f-p)y=0  y=—(af-5)y

Y =X, C0S(Dyt+5)

x=y(t)e " =x,e " cos(@,t+5) @ =(a)§ _ﬁz)z

B>, y=(8-ef)y

x=y(t)e" =

Vsiljeno nihanje

F,sin wt

¢’
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F,sinwt
m—

N\ .

Il. Newtonov zakon:

mX = —kx—2mx+F, sin et

F .
X+2 BX+a) x = —Lsinwt wf =k/m
m

Za w<<a@, X—>0,x—>0:

F . Fo.
wy X = =2 sinwt x = —2= sinot
m m;

Splosno resitev : X(t) = X, (t)+ X, (t)

X+2B8%+af x=0 X =xe’singt @,=\a?-p
X, (t > ) >0

nastavek : X (t) = X, Sin(a)t+5)

o = krozZna frekvenca vsiljene sile

PREIZKUS ter %,ins=2

X, (t) = X, Sin(@t+35)=x,sin wtcoss + X, cos wtsin &

X,(t) = Asinot +A,coswt X, COSS=A  X,Sin 5=A,
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x,(t) = Asinot + A, coswt
X,=A o-coswt— Awm-sinwt

X,=—A o sinot— Ao’ -cos wt

— A &’ sinwt-Aw’ coswt+2 B Awcoswt—2 S A, osin ot +

. F .
+ &} Asinot+a? A cosot=—Lsinwt
m

—A_La)Z—ZﬂAzaHa)gA&:i

0
m

-A a)2+2ﬂA_la)+a)§A2:O

X, C0SO=A  X,Sin 6=A,

A _ xsing tg5=%
A X,C080 Wy — o

(007} (4 )47 (4 18) = B2

2

X, C0s6=A XsSin6=A, A +A =xicos’S+x;sin’S =x

2
(0 -ar) e pronsg = |

76



Torej:

. splosna resitev : X = X, €77 sin (@, t)+X, sin(wt+5)

. za zadosti velike Gase : X = X, sin(wt+5)s frekvenco vsiljene sile
. . _ —,Bt - ~ e ~ _ 2 2
. lastno nihanje x, = X, e sin(@,t) se zadusi (a)o = o, - B )
I:O
. O<< @y X > —
m

= 0z w,; %:Ojepriwzwre3=1/w§—2ﬂ2

za f—0: @,—>w, In X, >0

" w>>amy: % —0
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Zgled: resonance — nihanje visec¢ega mostu (film na spletni ucilnici)
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WA

m
neduseno: a)g = k/ m t0=27z /?
5 2
~ 2 2
duseno: W, = ((00 —ﬁ )2 W, = k/m
1 . 9z
~ d 2 _
@, = (a)g —,32)2 _r t, = 7
tO (5 _ﬂz)
m

vsilieno:  niha s vsiljeno krozno frekvenco @

X =X, €7'sin(@,t)+X, sin(@t+5)— X, sin(wt+5)
(#)
F,F

a)<<a)0: XO —)—2:?0
Maw
0
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Odvisnost faznega zamika ¢ od vsiljene krozne frekvence @

-2fw

w<<w,: 8 >0 [XO—> i ]

m ]

OETON 5—)—% (X, > o)

w>>w,:6>—71 (X — 0)
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Moc¢ vsiljene sile (poglejte si v skripti ali v ucbenikih - katerih PDF-ji so na
Spletni ucilnici ali na domaci strani Laboratorija za fiziko FE)

P(t)=F(t)-v(t)=F,sinwt-x, @cos(wt+5)

Upostevali smo: X=X, sin(wt+5) = v=X=X, wcos(wt+7).
Ker cos(wt+d)=cos(wt)-coss—sin(wt)-sins :
P(t)=Fy%,0][ sin(at)-cos(at)-cos 5 —sin® (wt)-sin 5 |

t

Povpre¢na mo¢ EztlJAP(t)dt je:

0

t

)
P=Fx @ C035J‘%sin(Za)t)dt—sin53-“sin2(a)t)dt :
0

t0 0

S NS S—

1
2

torej:

5:—% W%, Sins |.

(F/m) in sing = tgo

\/(w§ ~o?) +4 0 JLHg*s

Vv enacbo vstavimo: X, =

Kjer je tg 5:%
7
in dobimo:
F, F, _ 2fo
P= 2 m _ oy~
\/(0)5—602)2+4ﬂ2w2 1 AP
(ef -o")
torej:
FO2 2
— 2
P= m__
(a) —a)z) +4 0’
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Maksimalna vrednost P je pri g—on = o, =,
w

Sklep: zavse B je P najvedja pri a,

Oy =0,

ol
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Sklopljeno nihanje

Dve enaki fizi¢ni nihali sta sklopljeni z vzmetjo s konstanto k

(P IO, P IO 2,

p, = —mg {sing, —k Axbcos @,

J@ =—-mg/lsing +kAxbcosgp, I, =

upostevali sin(90°+¢) =cosp in Ax=bsing,—bsing,

3 5
sinq0:¢—¢—+(p—— .......
3! 5l .
¢, <<l in @,<<1

o’

CoSp =1-—+——.......
28! 45!
sing, = ¢, Sing, = @,, COSP, =1, cosp, =1

Ax =bsing,—bsing, =b(p,—¢,)
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Aleš Iglič
Pencil


J @, =—mg/lsing +kAxbcosg, J ¢, = —mg{sin g, —k Axbcos g,

sing, = @, SiN@, =@,, COSp, =1, cosp,~1

- bsing, —bsing, -

Jo, = _mg£¢1+kb2(¢2_¢1) ‘J(bz:_mgggoz_kbz( ¢1)

- (lastna frekvenca fizicnega nihala) -

) =_w§¢1+D(¢2_¢1) ?, 2_0)02¢2_D(¢2_¢1)
+ ¢ = —w§¢1+D(¢ —401)
2 a)o 0y — ( -

mg/
J

resitev:

. @, =—w; ¢, +D (o, —¢1)
) __a)o% D( -

k b?
resitey _ @=Je;+2D D=7

upostevali: ¢,=0, @,=¢, 0b t=0




mg/
komentar: =@ = BC w,=\w;+2D D=

obt=0 : 2=0 @,=¢,
0, + P, =@,
—P =@

+

@, = ¢2° [cos (y t)+cos (@, t)} o= (%"[cos(a)lt)—cos(ao2 t)]

UpoStevamo:

COSa +Cos ff = 2-cos(¥jc05(—a;ﬂj

CoSa—C0s 3 = —2-sin(a;ﬂ)sin ‘“ﬂj

2
_o, t] COS[@{

o=~ Sin{—@;a’z t] sin{—wlzwz t}
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P, = Py Cos{wl
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Utripanje:

tripanja:

dasu
@, t] sin[

W

tLI

a)1+a)2t
2

N

! t] cos[

a)l_

amplituda

a)1+602t
2

2

amplituda se spreminja s frekvenco

o+ o,

N

a)l_

== Sin[
amplituda

nihali nihata s frekvenco

o, —w,

2

+2D

2
0

a

w, =
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Nihanje dveh sklopljenih nihal na vija¢no vzmet (poglejte si v skripti ali v

ucbenikih - katerih PDF-ji so na Spletni ucilnici ali na domaci strani

Laboratorija za fiziko FE)

k
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ZapiSemo II. Newtonov zakon za masi m:

m% = —kx—k'(=x,),
mX, = —kx,—k'(x,—%).

Sestejemo enacbi (101) in (102):

m(%,+%, ) = —k (X +X,).

Odstejemo enacbi (101) in (102):

2k'(%,—%,) = —(k+2k")(x,—X,) .

Mm% =%, ) = -k (x—%)-

Izberemo zacetna pogoja: X, = X, in X,=0 (ob ¢asu t=0)

Ob ¢asu t = 0 tako velja:

X% =X,
X =%, = X,.

Ob upostevanju enacb (104) in (105) napisemo resitvi enacb (102) in (103) v obliki:

X +X, = X,C08a 1,
X, —X, = X, COS, t,

Iz enacb (106) in (107) sledi:

88

: . : : k . k+2k'
kjer sta lastni krozni frekvenci: @f = — in @’ :
m

(100)
(101)

(102)

(103)

(104)
(105)

(106)
(107)



2

X, = X—Zo(cos Mt —COS W,t) = — X, Sin K%)ﬂsm{(%)t} |

Upostevali smo:
COS r+C0S 3 = Zcos(a_’g cos| 22 ,
2 2
COSax—C0S B = —Zsin(a_ﬂjsin(wrﬁj .
2 2
Dobili smo utripanje:

&:%m{ﬂg&@m{ﬂgﬁq,

x2:—xosin{w1_w2t]sin BT\,
2 2

kjer sta dve lastni krozni frekvenci:

X, = %(cosa)lt+COSa)2t) =X, Cos{(a’l_% jt}co{[th} )

k
=W, = E ,

k')
W, =, (1+2?j .

Sibka sklopitev: k' << k

Ce uporabimo (1+ x)”‘ = 1+% X za x<<l iz enacb (112)in (113) sledi:

ato, (. K
2 U 2k)

W= _ k'a)o'
2 2
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(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)



Sestavljanje dveh pravokotnih nihanj

X=X sin(at) y=y,sin(a,t—5)

y
0, =0,
5=0 5== 5== 522 b=z
4 2 4
@,
s="
5=0 4
@ 3.
o, 2| g i
T
= 5:_
o=0 4
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Lissajousove krivulje (dve nihajoci fizi¢ni nihali z zrcali)

91






