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Abstract
Human red blood cells (RBCs) lack the actin–myosin–microtubule cytoskeleton
that is responsible for shape changes in other cells. Nevertheless, they can
display highly dynamic local deformations in response to external perturbations,
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such as those that occur during the process of apical alignment preceding
merozoite invasion in malaria. Moreover, after lysis in divalent cation-free
media, the isolated membranes of ruptured ghosts show spontaneous insideout curling motions at the free edges of the lytic hole, leading to inside-out
vesiculation. The molecular mechanisms that drive these rapid shape changes
are unknown. Here, we propose a molecular model in which the spectrin filaments of the RBC cortical cytoskeleton control the sign and dynamics of membrane curvature depending on two types of spectrin filaments. Type I spectrin
filaments that are grafted at one end, or at both ends but not connected to the
rest of the cytoskeleton, induce a concave spontaneous curvature. Type II
spectrin filaments that are grafted at both ends to the cytoskeleton induce a
local convex spontaneous curvature. Computer simulations of the model reveal
that curling, as experimentally observed, can be obtained either by an overall
excess of type I filaments throughout the cell, or by the flux of such filaments
toward the curling edges. Divalent cations have been shown to arrest the curling
process and Ca2þ ions have also been implicated in local membrane deformations during merozoite invasion. These effects can be replicated in our model by
attributing the divalent cation effects to increased filament membrane binding.
This process converts the curl-inducing loose filaments into fully bound filaments that arrest curling. The same basic mechanism can be shown to account
for Ca2þ-induced local and dynamic membrane deformations in intact RBCs. The
implications of these results in terms of RBC membrane dynamics under physiological, pathological, and experimental conditions are discussed.

1. Curling of Red Blood Cell Shape
The cortical cytoskeleton of red blood cells (RBCs) is a two-dimensional network of spectrin filaments attached to the internal domain of
integral membrane proteins through a variety of intermediate protein
links [1]. Under physiological conditions, the spectrin network plays a
crucial role in maintaining the normal biconcave shape of the RBC,
which allows RBCs to deform and pass through narrow capillaries in the
microcirculation. Spectrin network is also essential to stabilize the spiculated
RBC shape [2–5]. A dramatic example of cytoskeleton-driven local
dynamic membrane shape changes is that documented during the process
of spontaneous inside-out membrane curling and eventual vesiculation
following cell lysis [6,7]. The unique feature of this process, which makes
it an ideal system for studying the molecular mechanism that drives the local
shape dynamics of the RBC membrane, is that it operates in a total absence
of cytosolic components and external sources of energy, in distilled water
media with no divalent cations, and only a trace of a proton buffer. After
lysis is completed, the membrane at the free edge of the lytic hole is observed
to curl outward in a process that takes several seconds at 37 ! C [6]. Our basic
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assumption in this study is that the spontaneous curvature of the cell membrane is determined by the anchoring of the spectrin filaments, and therefore
connects the molecular (tens of nanometers) and the cellular (several micrometers) length scales. Our model explains how the cortical cytoskeleton can
control membrane conformations locally or globally. The model is applied to
investigate the curling of isolated RBC membranes and the potential role
of Ca2þ in arresting curling and mediating localized dynamic membrane
deformations in intact RBCs.

2. Cytoskeleton-Induced Membrane Curvature
Curling and subsequent vesiculation of the membrane at the lytic hole
have been suggested to correlate with the presence of the spectrin cytoskeleton at the inner membrane surface [6]. After vesiculation is complete, the
spectrin actin cytoskeleton detaches and all spontaneous membrane motion
ceases [8,9]. The curling phenomenon is not unique to RBCs; images of
curled open membranes have been observed in membrane preparations
from yeast and other mammalian cells under different experimental conditions [10], suggesting that cortical cytoskeleton components of eukaryotic
cells can generate and sustain similar open membrane configurations. Under
most experimental conditions, however, a lytic hole in any cell or in a
protein-free synthetic lipid bilayer rapidly reseals [6,9,11,12]. In the case of
RBCs, the free edge eventually fuses to form cylindrical and spherical
multilayered vesicles [6]. Any source of spontaneous curvature in the
membranes [13–18] will induce the observed curling, as we demonstrate
in our simulations below. The experimental evidence in favor of this
curvature being induced by the spectrin cytoskeleton is based on the
following points: As long as the spontaneous curling of the free edges
proceeds, there will be no release of spectrin–actin to the medium. Spectrin–actin is suddenly released only after vesiculation is completed and the
vesicles display retention of sealing markers [9]. In addition, the spectrin
filaments are adsorbed only on the inner side of the membrane and this
asymmetry is maintained throughout the curling process (see Fig. 2B).
Divalent cations arrest the curling process at any intermediate stage of the
vesiculation process and also block spectrin–actin release [9]. Lysing of red
cells in media with higher ionic strength and osmolality than used for
spontaneous vesiculation (1–2 mM Na HEPES, pH 7.5, 0.1 mM EDTA)
allows for slow spectrin–actin dissociation with minimal or no spontaneous
vesiculation [1,8,20,21]. Under these conditions, the membrane has the
appearance of a giant liposome with invisible opening, devoid of any
spontaneous motion, and vesiculation of such spectrin-free liposomes can
only be induced by the application of vigorous shearing forces [21].
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Collectively, this evidence documents a strong association of spectrin–actin
with curls and motion. Although it does not directly demonstrate that
spectrin filaments drive the curling, it shows that the physical properties of
the spectrin–actin-free membrane are not compatible with the detectable
spontaneous curling motion.
The spectrin filaments of the cytoskeleton are mostly in the form of
tetramers that form a triangular network, with the ends of the tetramers
connected to the membrane through actin–band 4 complexes (the vertices
of the network). Additionally, the tetramers are randomly anchored to the
membrane at their midpoints by ankyrin–band 3 complexes. For simplicity,
we neglect the ankyrin anchor complexes and treat the spectrin tetramers as
single filaments that can be anchored with only one end attached (type I) or
with both ends attached (type II; Fig. 1). Dynamic dissociation and rebinding have been proposed to explain membrane fluctuations and remodeling
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Figure 1 Schematic picture of the spontaneous curvature of the two types of spectrin
filaments on the RBC membrane (adapted from Ref. [19]). (A) Type I spectrin
filaments that are grafted at one end (left), or at both ends but not connected to the
stretched network, induce a concave spontaneous curvature of radius R1 (Rg is the
radius of gyration of the filament). (B) Type II spectrin filaments that are grafted at both
ends and are part of the connected stretched network that spans the RBC membranes
inner surface (L is the separation between anchoring complexes) induce a local convex
spontaneous curvature of radius R2. An illustration of type I (C) and type II (D)
filaments as part of a triangular network in which each edge represents a spectrin
tetramer that can be connected to the membrane through actin–band 4 complexes
(black circles) and can be further connected to the membrane through band 3 complexes (gray circles) is shown. In (C), the spectrin tetramers are anchored to membrane
complexes only at one end (type I), whereas in (D) the spectrin tetramers are anchored
at both ends and are part of the stretched network (type II). (E) Schematic illustration of
the curling RBC ghost, which has a cylindrical symmetry, and the thin-strip approximation (F) that is used in our calculation. The strip has width w and a contour defined by
the coordinate s, and the forces act everywhere along the local normal !
n.
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of the membrane after the solid-to-fluid transition of a cytoskeletal network
[22,23]. Types I and II may be considered symbolic representations for
alternative configurations of cytoskeletal components whose interplay can
control dynamic changes in membrane curvature. This is the essential
mechanistic content of our model. It has been shown both experimentally
[24–27] and theoretically [28–30] that a polymer anchored with one end to
a lipid bilayer, corresponding to type I spectrin filaments, exerts an entropic
pressure such that the membrane curves away from the filament (defined
here as a concave local shape with the normal pointing outward from the
cell). The thermal fluctuations of the filaments are the source of this pressure
and their configuration space is confined by the bounding membrane. This
configuration space, and therefore the entropy, increases if the membrane
bends away from the type I spectrin filament, thereby allowing more
degrees of freedom for the filaments to explore different. The filament
pulls the membrane at its anchor and pushes everywhere else. For a membrane patch of size pRg2, where the radius of gyration of the spectrin
tetramer is Rg ¼ 13 nm [31] and a membrane bending rigidity k ¼ 10kBT,
we estimate the induced curvature radius [32] to be R1 ¼ 0.1–1 mm for type
I filaments (depending on the spectrin density and anchoring topology; see
Fig. 1A). Type II filaments within the intact cytoskeleton network act as
stretched entropic springs that locally curve the membrane toward the
filament (defined here as a convex shape), as shown in Fig. 1. The finite
distance between the spectrin cytoskeleton and the lipid bilayer [33], and
the stretched spectrin bonds [34], determines the curvature imposed by the
entropic pressure of type II filaments. Since in a disrupted network the
anchor distance is unknown, we estimate the entropic effect of the filaments
on the membrane curvature to be similar for both types of filaments, but
with opposite sign, that is, R2 ¼ $R1 0.1 mm (Fig. 1B).
The curvature induced by the spectrin network has been calculated on
the length scale of spectrin mesh size [31], as well as on larger scales [35], and
several experiments have demonstrated that anchored polymers can indeed
produce a spontaneous curvature of such magnitude [26,27]. Based on these
results, we developed a model to explain the membrane dynamics observed
in the processes of curling and apical alignment. The basic assumption is that
the variation in the concentrations of both types of membrane filaments
controls the local membrane curvature in space and time (Fig. 2). Although
we explicitly describe membrane dynamics in terms of type I and type II
spectrin filaments in our model, the model will also apply when curvature is
induced by membrane proteins other than spectrin. Divalent ions, such as
Ca2þ, have been shown experimentally [9,36–38] to induce a stronger
binding of the spectrin filaments to the membrane through their anchoring
complexes. Therefore, we could translate the effect of divalent cations in the
model as inducing a larger equilibrium fraction of type II filaments over type
I filaments.
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Figure 2 Schematic picture of our model (adapted from Ref. [19]). The connected
network of filaments of convex spontaneous curvature (type II) is slowly shrinking and
releasing its tension (dashed arrows), slowly squeezing out the type I filaments that have
concave spontaneous curvature and migrate (solid arrows) to the curling lip at the open
hole. Another mechanism is that rupture of the membrane during hole formation and
the consequent curling process convert type II filaments to type I filaments, thereby
increasing the overall excess density of type I filaments at the tips and throughout the
ghost membrane. These mechanisms are proposed to explain the experimental patterns
(A) [6]. In the circled inset is a representation of a type I filament at the hole rim, with
lipids as black ovals and transmembrane anchor in gray. The pore edge can be stabilized
by curved proteins that are denoted by an open gray shape. The asymmetry between the
inner and outer faces of the membrane is maintained because filaments cannot diffuse
through the rim to the outer side, and indeed filaments are seen only on the inner side of
the membrane throughout the curling process (B). The time period of the curling
process is within seconds of membrane rupture [6].

3. The Model for Curling of RBCs
In our model, the densities of both types of spectrin filaments control
the membrane curvature (Figs. 1 and 2). We use a continuum model to
compute the shape deformation of the membrane and the density
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distribution of the two types of filaments. The filament densities are treated as
continuum variables, which are the averaged (coarse-grained) values of the
discrete distribution of the real filaments. Although we explicitly use type I
and type II spectrin filaments as the origin of the curvature, the model also
applies when the curvature is induced by membrane proteins other than
spectrin, such as curved integral proteins [13,39]. The bending effect of the
filaments is treated here with a coarse-grained approach, ignoring the finescale wavy nature of the membrane shape due to the anchored filaments
[28,31]. The average spontaneous curvature of the membrane is thus induced
by the field of filaments. In a dilute regime, where excluded-volume interactions among the filaments are weak, this approach allows us to treat the
induced curvature of the two types of filaments in a simple additive manner
[40] in the equation for the membrane bending energy (Eq. 1). There are two
possible ways to simplify the calculation (1) assume that the membrane
deformation and filament distribution are cylindrically symmetric and (2)
consider a thin strip of membrane (of width w) that is curved only along its
length (while flat along the direction of the strip width—translational symmetry). We followed the second strategy. The Hamiltonian describing the
free energy, E, is given by the standard Helfrich-type form [41]:
1
E ¼ kw
2

ð!

@2r
$ H1 n 1 $ H2 n 2
@s2

"2

ds;

ð1Þ

where s is the coordinate along the contour; n1 and n2 are the relative
densities of the two types of filaments, normalized by the saturating (maximal) packing density of the filaments nsat; k is the bending rigidity modulus;
and H1 ¼ 1/R1 and H2 ¼ 1/R2 are the two spontaneous curvatures associated with type I and type II filaments, respectively, so that the overall
spontaneous curvature induced by the spectrin filaments is n1H1 þ n2H2.
This force arises from the mismatch between the local membrane curvature
and the local value of the spontaneous curvature (due to the filaments),
which drives the membrane to bend so as to reduce the mismatch. Using
this free energy, we can now derive the equations of motion for the
membrane shape and filament distribution.
Using the calculus of variation (see Supporting Material, Part S1), we
derive the following force acting on the membrane in the normal direction,
due to the instantaneous distributions of type I and type II filaments:
!
4
4
@y @ x @x @ y
H1 @ 2 n1 H2 @ 2 n2
Fn ¼ k
þ
$
þ
2 @s2
2 @s2
@s @s4 @s @s4
!
ð2Þ
H 3
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2 2
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where the membrane curvature is H ¼ @x/@s(@ 2y/@s2) $ @y/@s(@ 2x/@s2)
(see Supporting Material for the derivation). This force arises from the
mismatch between the local membrane curvature and the local value of
the spontaneous curvature, which drives the membrane to bend so as to
reduce the mismatch. The variation leading to Eq. (2) is a one-dimensional
version of the more general expressions derived earlier [42,43]. These
expressions recover the familiar form for small undulations of a flat membrane in the Monge gauge. Note that whereas most previous works dealt
with the stationary shapes of membranes [42–44], here we are solving the
dynamics of the membrane shape deformations. Below, we show that the
dynamics is nontrivial; for example, a membrane with a uniform spontaneous curvature is shown to curl from its free edges inward. Details of the
simulation techniques are given in the Supporting Material, and here we
mention just the main properties. In addition to the curvature-driven forces
given by Eq. (2), there are two more forces that act on the membrane in our
simulations (1) the stiff harmonic-spring interaction between the nodes
along the membrane maintains a constant overall length of membrane
strip and (2) an artificial short-range repulsion prevents the membrane
from overlapping on itself. The sum of these forces acting on the membrane
is then used in the equation of motion of the membrane, which is written in
the limit of local hydrodynamic interactions [45]:
Vn ¼ Fn x;

ð3Þ

where Vn is the normal velocity of the membrane and x is the effective
friction coefficient that takes into account the viscous drag exerted by the
fluid that surrounds the membrane locally (this is a simplified form of the
Oseen tensor in the limit of only short-range hydrodynamic interactions).
The full solution of this system, including the hydrodynamic flows around
the curling membrane, awaits a future study. Finally, since we work in
translational symmetry, the free edges of the membrane strip (the endpoints
of our one-dimensional contour) correspond to the membrane edge along
the hole in the real ghost. The hole radius and edge length are thus
meaningless, and their energy contribution (line tension) is therefore constant. In the real situation, the hole starts from some minimal radius size,
which has a large distribution. Nevertheless, the curling process is observed
experimentally [6] to proceed without any correlation to the radius of the
hole; it is observed to be identical along the edges of both small holes of
radius R ' 0.5 mm and large holes of R ' 10 mm (Fig. 2C). We therefore
decided to investigate the curling process independently of the issue of hole
edge length, as is inherent to our choice of translational symmetry (Supporting Material, Part S2.4). The weak effective line tension observed in the
RBC ghosts [6] may arise due to the stabilization of the pore edge by curved
membrane proteins (Fig. 2A, inset). The simulations presented here using
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translational symmetry are reasonably accurate as long as the hole radius is
much larger than the radius of curvature induced by the filaments, that is,
R ( 0.1 mm. The boundary conditions at the two free endpoints of the
membrane (on both sides of the hole) were set, so that the membrane at the
edges would have the curvature imposed by the local filament density
(Supporting Material, Part S2.3). The filaments diffuse in the membrane,
with conservation of the total number of filaments for each type. For
simplicity, we do not allow spontaneous filament-type interconversion
although this can easily be added. The membrane conformation acts as a
potential landscape in which the two different types of filaments flow. The
resulting fluxes of filaments are given in the Supporting Material.

4. Numerical Simulations
4.1. Effects of Filament Type and Density on
Membrane Curling Pattern
To isolate the effect of filament types and densities on the membrane
dynamics, we ran simulations with only one type of filament (i.e., type I
or type II). The filaments in this set of simulations had negligible filament
mobility (nsat ¼ 1000 mm$ 2; L/nsat ¼ 1 ) 10$ 5 g s$ 1, where L is the
filament mobility in the membrane). Figure 3A and B shows snapshots of
simulations with type II filaments at low and high relative densities. Curling
at the free edges is inward, with an outside-in topology (a pattern that has
been observed in a synthetic vesicle system [46] but never observed experimentally in RBCs), and the radius of the curled membrane is 0.25 mm and
0.1 mm for the initial relative filament densities of 0.4 and 1, respectively.
Note that the curling process starts at the ends of the strip in our simulations,
as observed experimentally [6]. This is because the curvature forces are
mostly balanced within the bulk of the membrane, leaving the free edge as
the only location of unbalanced forces. Mathematically, this can be seen
from Eq. (2): For a uniform distribution of one type of filament, the force
due to the filaments comes only from the fourth term on the right-hand
side. This term is proportional to the membrane curvature, which is initially
low everywhere (radius of the ghost membrane) except at the free ends,
where the local curvature is defined by the spontaneous curvature of the
filaments there (Part S2.3, Eq. S22 of the Supporting Material). The forces
at the free ends are therefore dominant and drive the curling from the edges
inward.
In Fig. 3C and D, we show the analogous results for type I filaments.
Here, we find the same curvature radii of 0.25 and 0.1 mm, but curling is
outward, with an inside-out topology. This agrees with the curling
observed in the RBC and was also observed in the curling synthetic vesicle
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Figure 3 Effects of filament types and densities on the membrane dynamics (adapted
from Ref. [19]). The two top panels (A) and (B) describe cases of type II filaments at
low and high densities, within 30 s. The curvature sign is positive (H2 ¼ 10 mm$ 1), and
as a result the curling is inward. The two bottom panels (C) and (D) describe cases of
type I filaments at low and high densities. The curvature sign is negative
(H1 ¼ $10 mm$ 1), and as a result the observed curling is outward. In all cases, the
mobility of the filaments was quite low (nsat ¼ 1000 mm$ 2; L/nsat ¼ 1 ) 10$ 5 g s$ 1).
The insets at the top of each panel describe the final distribution of the filaments. Since
the mobility is low, the final distribution has small fluctuations around the initial
uniform spatial distribution. In each panel, the dotted line describes the initial membrane shape of a circle with a hole, the dashed line describes an intermediate time, and
the solid line describes the final shape within a time period of 30 s.

system [46]. After 30 s, the membrane has curled three turns for simulations
with high filament density, whereas not even a single turn was completed in
the simulations at low density. If the simulation in Fig. 3C is allowed to run
over a much longer time (90 min), we get curling with more than one turn
of the membrane and an even greater radius of curvature ('0.2 mm). This
greater radius of curvature is due to the flux of filaments toward the edges
(results not shown). The high-density case matches the experimentally
observed radius of the innermost curl (0.1 mm; Fig. 3D). Note that
excluded-volume repulsive forces generate the spiral pattern such that
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only the innermost part of the membrane achieves the desired curvature and
the rest of the membrane spirals around it with an ever larger radius of
curvature. These results show that only the simulations with a high density
of type I filaments in the ruptured ghost render the experimentally observed
curling pattern of the membrane (Fig. 3D). For a good experimental fit,
>90% of the filaments should be of type I. This suggests that lytic rupture in
the unique conditions that trigger spontaneous inside-out vesiculation
explosively redistributes the filament distribution from a prelytic state with
comparable proportions of type I and type II filaments to a >90% type I
filament excess. Excesses of smaller magnitude would lengthen the curling
process and reduce the curvature, and this may also account for some of the
experimentally observed variability. Note that the membranes in the
experiments evolved further beyond the curling process, by means of a
series of cutting–splicing events, so that the curled part of the ghost is finally
dashed up into small vesicles [6,7]. These vesicles satisfy the minimum
curvature energy requirement as dictated by the density of type I filaments
adsorbed on the external surface of the membrane. This step cannot be
captured by our simplified calculation using only a thin strip of membrane.

4.2. Effects of the Initial Filament Distribution on the
Membrane Curling Pattern
During rupture of the RBC, a higher proportion of type I filaments might
be produced close to the lytic hole due to mechanical disruption of the
spectrin network. To evaluate the effect of an inhomogeneous initial
distribution of the filaments on the membrane dynamics, we ran simulations
with asymmetric distributions for both types of filaments. In addition, the
diffusion of spectrin filaments with high mobility (nsat ¼ 100 mm$ 2;
L/nsat ¼ 1 ) 10$ 4 g s$ 1) was included. The initial distributions had an
excess of type I filaments at the free edges, with the excess decaying as a
Gaussian from the edges to the middle. We varied the gradient of the
filament density by changing the width of the Gaussian distribution. Far
from the edges, we assumed that the two types of filaments have equal
concentration, as in an intact RBC. The distribution of type I at the edge
was set to a density of 0.7 or 0.83 (i.e., an excess amplitude of d ¼ 0.2 or
d ¼ 0.33, respectively), decaying to a base level of 0.5 with a variance of
either s ¼ 1 mm2 or s ¼ 6 mm2. The excess of type I filaments results from
the detachment of type II filaments, so that an excess of one type occurs
at the expense of the other type (conservation of total number of filaments).
In Fig. 4, we show the results for different amplitudes and widths of the
initial density variation. After 30 s of simulation, the results show that when
the amplitude of the normal distribution is d ¼ 0.33 filaments mm$ 1,
s ¼ 1 mm2 or d ¼ 0.33 filaments mm$ 1, s ¼ 6 mm2, the edges deform
by half a turn and one complete turn, respectively. We observe that as the
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Figure 4 Effects of the spatial distribution of type I and type II filaments on membrane
dynamics (adapted from Ref. [19]). The initial distribution has an excess of type I
filaments localized at the edges of the hole, with a normal distribution of amplitude (d)
such that the density of the filaments at the edges is 0.35 * d (for type I and type II,
respectively). The top and bottom rows are for d ¼ 0.2 (mm$ 1) and d ¼ 0.33 (mm$ 1),
and the left and right columns are for s ¼ 1 (mm2) and s ¼ 6 (mm2), respectively. The
mobility of the filaments is quite high (nsat ¼ 100 mm$ 2; L/nsat ¼ 1 ) 10$ 4 g s$ 1) in
comparison to the low mobility in Fig. 3. Note that for the case of d ¼ 0.2 (mm$ 1), this
amplitude was not sufficient to curl the membrane within the given time frame of 30 s
(A, B). In addition, the case of high amplitude and low variance is not sufficient to form
a complete curl. Finally, the case of high amplitude d ¼ 0.33 (mm$ 1) and high variance
s ¼ 6 (mm2) yields a single curl within 30 s. Note that the larger variance creates a
larger pool from which to attract more type I filaments toward the edges (D). In each
inset, the dotted lines are the initial distribution of filaments, the dashed line is the
distribution of type II filaments, and the solid line is the distribution of type I filaments.
In the inset of (D), note the large flux of filament type I toward the edges.

membrane edge curls, this curvature attracts type I filaments, whereas type
II filaments are repelled from this region (see distributions of filaments in the
insets). We conclude that if the mobility of the filaments is large enough to
respond to the membrane curvature with a large flux, as shown in Fig. 4D,
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then a relatively moderate excess of type I over type II filaments at the edges
of the hole is sufficient to curl the free edges of RBCs to the extent seen in
the experiments. If the excess at the edges is too small (Fig. 4A–C), we find
that the resultant membrane curling is much smaller compared to that in the
experiments. We further conclude that diffusion and segregation of the two
filament types are not sufficient by themselves to drive the curling of the
whole membrane—a global excess of type I is also required.

4.3. Modeling the Effect of Divalent Ions
The documented Ca2þ-induced increase in the binding strength of spectrin
filaments to the membrane [38] may be expected to effectively freeze the
filament distribution due to a strong decrease in filament mobility, with an
ensuing turnover of type I to type II filaments (Eq. S28) and cytoskeletal
crosslinking [6]. We found that the curling and spontaneous inside-out
vesiculation process could be instantly arrested at any stage by the addition
of divalent cations to the medium, but reversibility was observed only with
Mg2þ ions. In Fig. 5, we model these divalent cation effects under two of
the conditions analyzed above (1) low mobility of spectrin filaments and
large excess of type I filaments throughout the membrane (as in Fig. 3D) and
(2) high-mobility filaments and a localized excess of type I filaments at the
free edges (as in Fig. 4D). In the low-mobility case (top row), we simulated
the effect of the divalent ions after allowing the membrane to curl freely for
2 s. We first modeled the effect of the ions by elimination of filament
diffusion, but this did not stop the curling because the excess of type I
filaments was still high enough to keep the process going (Fig. 5A). We next
modeled the effect of the ions as a global turnover of type I to type II. We
chose a significant turnover of 50% (this value is somewhat arbitrary) of type
I to type II due to the addition of the ions and found that this practically
arrested the curling process; the spontaneous curvature was reduced significantly (to zero for this choice of parameters) and the curls began to slowly
unfold (Fig. 5B).
In the high-mobility and localized excess case (Fig. 5, bottom row), we
tested the effects of the divalent ions by elimination of filament diffusion
(Fig. 5C) and turnover of type I to type II (Fig. 5D). We found that when
the ions diminished the diffusion, the curling process was considerably
slowed down (Fig. 5C) compared to the results shown in Fig. 4D. A partial
turnover of type I to type II also effectively arrested the curling (Fig. 5D),
initiating a partial unfolding of the curls. We conclude that when the
mobility of spectrin filaments is high enough to play a role in the curling
process, the elimination of diffusion due to the ions will slow down the
curling, whereas the turnover of type I to type II filaments due to the
addition of ions is always a sufficient mechanism to account for the observed
arrest in the curling.

86

D. Kabaso et al.

n1 = 1, D = 0

B

1
0.8
0.6
0.4
0.2
0

n1= 1, I->II
0

1

n1, n2

n1

A

2

4

6

1
0.8
0.6
0.4
0.2
0
0

2

4

6

s (mm)

s (mm)

Y (m m)

0.5
0
–0.5
–1

d = 0.33 s = 6 mm2, D = 0

D

1
0.8
0.6
0.4
0.2
0
0

d = 0.33 s = 6 mm2, I->II
2

6

s (mm)

1

Y (m m)

4

n1, n2

n1, n2

C

1
0.8
0.6
0.4
0.2
0
0

2

4

6

s (mm)

0.5
0
–0.5
–1
–1

–0.5

0

X (mm)

0.5

1

–1 –0.5

0

0.5

1

X (mm)

Figure 5 Modeling the effects of adding divalent ions on the membrane dynamics
(adapted from Ref. [19]). The addition of divalent ions is modeled by eliminating the
diffusion of filaments or by the turnover of type I to type II filaments. This modeling is
performed for two successful cases (1) high and uniform density (n1 ¼ 1) of type I
filaments with low mobility, as described in Fig. 3D (shown here in the top row) and (2)
a more localized spatial distribution with large amplitude and variance (d ¼ 0.33
(mm$ 1), s ¼ 6 (mm2)) as described in Fig. 4D (shown here in the bottom row). The
results for the arrest of diffusion are demonstrated in the left column, and the results for
the partial turnover of type I to type II filaments are demonstrated in the right column.
Since the curling in Fig. 3D is obtained within 10 s, the arrest of diffusion is performed
after 2 s (A). Note that the arrest of diffusion is not able to stop the curling. In contrast,
the curling in Fig. 4D is obtained within minutes, which allows us to arrest the diffusion
after 10 s (C). This arrest slows down the curling, and a single full curl is not obtained
within the time frame of 30 s. In the right column, the turnover is of 50% of type I into
type II filaments, which is sufficient to stop the curling and to even unfold its curled
edges (B, D).

5. Malaria Merozoites and Ca2þ Dynamics
During the approach of a malaria merozoite to a targeted RBC, the
red cell undergoes local and highly dynamic shape changes [47–50]. If the
initial contact is away from the apical pole of the merozoite, which is
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required for penetration, the RBC responds with rapid merozoite-engulfing motions and the merozoite reorients to achieve apical contact. As soon
as this is attained, the RBC returns to its normal biconcave shape and
remains quiescent while it is penetrated by the parasite. Immediately after
the parasite is internalized, a second and more prolonged wave of dynamic
deformations takes place. Ca2þ ions have been implicated in both early and
late dynamic responses during merozoite invasion [51].

6. The Model for RBC and Malaria
Merozoite Interaction Prior to Invasion
The model as described up to now proved sufficient to describe the
curling process of RBCs. In the case of the merozoite attachment, only a
small patch of the RBC membrane close to the parasite has to be
simulated, so we used periodic boundary conditions with increased spatial
resolution compared to the simulations for curling. To simulate the effects
attributed to Ca2þ in the malaria preinvasion events, we incorporated a
simplified version of the known pump-leak Ca2þ balance across the RBC
membrane.
The relation between the local Ca2þ concentration and the density of
protein filament concentrations was assumed to be described by an instantaneous chemical equilibrium relation:
n1 Ð n2 ;

ð4Þ

where the left and right arrows are for the equilibrium constant k and k0 ,
respectively. The two equilibrium constants are
!
anCa
k ¼ exp
;
kB T
!
ð5Þ
$an
Ca
k0 ¼ exp
;
kB T
where anCa represents the Boltzmann energy difference dE. The concentration of the two filament types is determined from
!
$2anCa
n2 ¼ n1 exp
;
ð6Þ
kB T
n1 ¼ ntot $ n2 ;
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where the exponential factor is derived from k0 /k (Eq. 5) and ntot is the total
density of filaments, which equals unity. The local density of type II
filaments depends on the local density of Ca2þ as follows:
n2 ¼ ntot

1
;
expð$0:05nCa Þ þ 1

ð7Þ

where the numerical factor in the exponent gives the Ca2þ-induced affinity
of spectrin filament binding. The density of Ca2þ ions is
nCa ¼ NCa =ds;

ð8Þ

where NCa is the number of Ca2þ ions and ds is the distance between
consecutive nodes.
The density of Ca2þ ions is treated along the membrane and represents
those ions that reside within the interaction volume close to the membrane,
where they can interact with the spectrin filaments. The thickness of this
interaction volume is similar to that of the spectrin network, which is
-30 nm, and its width is simply that of the membrane strip that we are
modeling. The influx of Ca2þ is assumed to occur only at the region of
contact between merozoite coat and RBC membrane, which has a length of
0.5 mm. A single influx pulse of Ca2þ is modeled with maximum amplitude
of -600 ions mm$ 3, to ensure that n2 - 1 at the contact region, and is held
constant for 2 s. After this time, the amplitude of the pulse decays exponentially by active extrusion and by diffusion away from the contact region
along the membrane according to a simple diffusion equation:
@NCa
@ 2 NCa
$ Keff NCa þ Jin ;
¼ DCa
@t
@s2

ð9Þ

where DCa is the effective diffusion constant for Ca2þ ions, Keff is the efflux
rate of Ca2þ ions, and Jin is the influx of Ca2þ.
Most of the biophysical parameters used in this work were taken from
the literature. The diffusion coefficient of proteins within the membrane
was previously estimated to be 0.01–0.005 mm2 s$ 1 [52], whereas the
diffusion coefficient of spectrin filaments was smaller, at 0.001 mm2 s$ 1
[52]. The bending rigidity is on the order of 10kBT. The only parameter
that was fitted to give a good agreement with the experiment was the
effective membrane friction in Eq. (3). The efflux of Ca2þ was taken as
35 s$ 1 [53] and the diffusion coefficient of Ca2þ was estimated at 1 mm2 s$ 1
[54]. The saturating (maximal packing) density of the filaments, nsat, can be
estimated from previous measurements [38] and taken to be on the order
1000 mm$ 2.
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6.1. Modeling the Effects of Ca2þ-Dependent
Filament Turnover
We next applied our model to simulate the membrane dynamics of an intact
RBC in response to a transient local influx of Ca2þ ions. Such Ca2þ influx
transients have been proposed to follow the initial contacts between merozoites and RBCs before merozoite invasion [48,51]. Ca2þ influx was
simulated by means of a step-function amplitude with a spatial width of
0.5 mm held constant for 2 s. The density of the type I and type II filaments
was determined by the local instantaneous Ca2þ concentration (see Eq. S28).
We chose a 3-mm long membrane for these simulations, using periodic
boundary conditions. We assumed that the initial filament density was the
same for both species (n1 ¼ n2 ¼ 0.5). The Ca2þ pulse was assumed to cause
a complete turnover of type I to type II filaments at the point of maximum
amplitude, to give us an estimate of the upper bound of the amplitude of
membrane deformation. The results are shown in Fig. 6A and B (Table 1).
The Ca2þ-induced turnover of type I to type II filaments caused the bending
of the initially planar membrane in both the inward and outward directions
due to the resulting inhomogeneous spontaneous curvature. The maximal
membrane deformation was 0.4 mm after 2 s. In Fig. 6C and D, the Ca2þ
influx region was held fixed in space and prevented from folding inward.
Despite this restriction, the folding outward of the surrounding membrane
remained robust. Note that although the adhesion region prevents the
membrane from folding inward, the folding outward remains robust (C).

7. Modeling the Egress of Malaria Merozoites
While previous research has shown that proteases induced by the parasite
degrade the RBC proteins as well as the cytoskeleton [55–57], we here
hypothesize that degradation of the spectrin network stimulates a turnover of
type II into type I filaments (Fig. 7). In addition, type I filaments may stabilize
membrane pores formed seconds before the lytic stage and the dispersion of
packed merozoites. The rapid coalescence of smaller pores into larger pores
may be facilitated by increasing densities of type I filaments (Fig. 7). Furthermore, the high densities of type I filaments following the lytic stage could
explain the documented outward curling of the RBC membrane. Future
modeling and experimental studies are needed to test these ideas.

8. Conclusions
The results presented here show that a model based on the assumption
that spectrin filaments attached to the inner side of the lipid bilayer membrane induce a spontaneous curvature can explain local dynamic membrane
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Figure 6 Exploring the effects of a Ca2þ influx pulse on local membrane shape in an
intact RBC, assuming the same mechanism as that applied to explain curling arrest by
divalent cations (adapted from Ref. [19]). Two scenarios are modeled (1) the membrane in the Ca2þ influx region is free to move (top row) and (2) it is held fixed (bottom
row). The distributions of the two types of filaments are determined by the instantaneous local Ca2þ concentration. Therefore, the distribution has an excess of type II
over type I filaments at the middle of the membrane. The density distributions of the
two types are shown in (B, D). The influx of Ca2þ is constant for a period of 2 s and
causes the conversion of type I to type II (dotted line in B, D), compared with an initial
density of 0.5 for both types of filaments. After 2 s, the influx stops, and as a result the
Ca2þ density decays within 0.5 s, and consequently the filament densities decay toward
0.5 (dashed line in B, D). The turnover of type I to type II filaments causes the bending
of the straight initial membrane (dotted line in A, C) in both the inward and outward
directions (D). After 0.5 s, the shape is given by the dashed line (A, C) and the maximal
amplitude of 0.4 mm is reached after 2 s (the dotted-dashed line in A, C). The solid line
is the shape of the membrane after 10 s. Slow mobility of the filaments is allowed and
values are listed in Table 1.

shape changes observed in experiments. Two classes of filaments are considered in the model depending on whether one end (type I) or both ends (type
II) of the spectrin tetramer are attached to the membrane. Each type induces
a spontaneous curvature on the membrane of opposite sign and roughly
equal magnitude. The model treats these nanometer-scale components in a
continuum landscape of variable local densities of each filament type in
response to environmental conditions and membrane shape. We sought

List of parameters used in our simulation study

Diffusion coefficient of filaments, D (mm2 s$ 1)
Viscosity (water), % (g m$ 1 s$ 1)
Filament length scale, d (mm)
Threshold distance for repulsion (mm)
Ca2þ efflux rate, Keff (s$ 1)

Curvature, H1 (mm$ 1)
Curvature, H2 (mm$ 1)
n1, n2, relative densities of type I and type II filaments

Table 1

$ 10
10
n^1 =nsat
n^2 =nsat
0.001
10$ 4
0.1
0.0327
35

Temperature, T (K)
Bending rigidity, k (kBT )
nsat, maximum number of filaments per
micron squared (mm$ 2)
Mobility of proteins, L (g s$ 1 mm$ 2)
Relative mobility (g s$ 1)
Oseen tensor (s g$ 1)
DCa (mm2 s$ 1)

D/(kBT )
L/nsat
12.5
1

300
10
100, 1000
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A

B

Figure 7 Schematic model for the stabilization and coalescence of membrane pores
during egress of malaria parasites. (A) Small membrane pores (inner circles) are formed
seconds before the egress and dispersion of malaria parasites. Since the pores are of a
negative curvature, they can be stabilized by type I filaments, while type II filaments
prefer the positive curvature of the red blood cell membrane (outer circle). (B) Large
membrane pores are formed and stabilized by increasing densities of type I filaments.
Note that the origin of type I filaments could be due to the degradation of type II
filaments by proteases activated by the packed malaria parasites.

to determine whether the model could account for two well-documented
examples of dynamic membrane deformations (1) the curling phenomenon
of spontaneously vesiculating RBC ghosts and (2) the mechanism of membrane deformation during apical alignment of malaria parasites. In the study
of the curling phenomenon, the simulations showed that either an overall
excess of type I filaments or an initial excess of type I filaments close to the
lytic hole could initiate the outward curling of the cell membrane. Comparing the model with experiment (see Figs. 3–5) allowed us to fit the free
parameter of our model, the effective membrane hydrodynamic friction.
Divalent cations have been shown to arrest the curling and spontaneous
vesiculation process [6,9] and to induce stronger spectrin–membrane binding [37,38]. This effect is represented in the model by the elimination of
filament diffusion and a turnover of type I to type II filaments. We find that
the cation-induced turnover of type I to type II filaments is the dominant
mechanism that allows us to reproduce the experimentally observed arrest of
the curling (Fig. 5).
The mechanism of the effects attributed to Ca2þ was also investigated in
relation to the potential of transient Ca2þ influx during merozoite apical
alignment [47,48,51,58]. The results (Fig. 6) show that the amplitude and
timescale of the membrane deformations induced by the transformation of
type I to type II filaments are in good quantitative agreement with those
documented in the best available observations of this process [47–49]. In
addition, the simulations show that when the cytoskeleton consists mainly
of type II filaments, membrane dynamics cannot occur and thus invasion
efficiency is reduced. This may help explain the reduced invasion previously
observed in ATP-depleted and volume-reduced RBCs [59–61]. The basic
idea developed here—that spectrin filaments, or spectrin-like components
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of cortical cytoskeletons, control the local curvature of biological membranes and hence cell shape in static and dynamic conditions—is relevant
not only to RBCs but also to all cellular systems with adsorbed networks of
spectrin or spectrin-like filaments, such as neurons [50] and intracellular
organelles [62].

Appendix Curling Ghosts
A1. Derivation of the Curvature Force on the Membrane
We derive the forces at the membrane, by treating it as a “one-dimensional
membrane,” that is, a thin strip of width w, with a bending modulus and tension
coefficient. The Helfrich free energy of this membrane is given in Eq. (A7) and
is used to derive the local restoring forces by the usual variation method. The
derivation given below gives the details of this variation and is a one-dimensional version of the more general derivation given in Refs. [46,58].
Since the overall contour length is not constant in our system, the
variation of the coordinates has to be taken with respect to their absolute
index u along the contour, which is constant. In these terms, the curvature
H appearing in the Helfrich free energy [59] is written as (standard differential geometry) x0

x€
_ y $ x€y_
H ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3 ;
x_ 2 þ y_ 2

ðA1Þ

where the . symbol denotes differentiation with respect to the index of the
point along the contour and the free energy is

ℱ ¼w

ð1 !

"qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
kH 2 þ s
x_ 2 þ y_ 2 du;
2

ðA2Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where ds=du ¼ s_ ¼ x_ 2 þ y_ 2 . The variation of this free energy gives the
forces, for example, in the x-direction:

dℱ
d @ℱ
d2 @ℱ
¼
$
:
Fx ¼ $
dx
du @ x_ du2 @€
x

ðA3Þ

The resulting equation of motion from this variation gives very long
expressions that are not amenable to easy analysis, although they can be used
for the numerical simulations.
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To arrive at simpler expressions, we will develop the terms in Eq. (A3)
and simplify at the end by assuming that the arc-length separation between
the nodes along the contour are all the same. This is maintained as the
simulation progresses by using the spline routine to rediscretize evenly the
contour as its length evolves.
The first term on the RHS of Eq. (A3) is

@ℱ
@x
@H
¼ H 2 þ 2H
s_;
@ x_
@s
@ x_

ðA4Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where @ s_=@ x_ ¼ x=
_
x_ 2 þ y_ 2 ¼ @x=@s:

d @ℱ
@H
¼ 2_sHH 0 x0 þ s_H 2 x00 þ 2_s2 H 0
du @ x_
@ x_
0
@H
2 @H
;
€s þ 2H s_
þ2H
@ x_
@ x_

ðA5Þ

where @H=@ x_ ¼ y€=_s3 $ 3x0 H=_s. We therefore need to find an expression
for ÿ (and x€) by using the definition of H ¼ ðx0 y€ $ y0 x€Þ=_s2 and
€s ¼ x0 x€ þ y0 y€. The final expressions that we get are y€ ¼ €sy0 þ s_2 x0 H and
x€ ¼ €sx0 $ s_2 y0 H.
...
We now assume that s_ is independent of u, so that €s ¼ s ¼ . . . ¼ 0.
The last term in Eq. (A5) becomes

@H 0
2@ 0
¼$
ðx H Þ:
@ x_
s_ @s

ðA6Þ

The second term on the RHS of Eq. (A3) is

@ℱ $2Hy0
¼
s_
@€
x

ðA7Þ

d2 @ℱ
@2
¼ $2_s 2 ðHy0 Þ:
2
du @€
@s
x

ðA8Þ

and we get

!
We
now
write
H
in
terms
of
s
as
H
¼
H .^
n ¼ $x00 y0 þ y00 x0 , where
! 00
H ¼ x x^ þ y00 y^ and n^ ¼ $y0 x^ þ x0 y^, so that
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H 0 ¼ $y0 x000 þ x0 y000 ;
00
00
00
H ¼ $y x000 þ x y000 $ y0 xð4Þ þ x0 yð4Þ :

ðA9Þ

There is another force contribution from the membrane tension, giving a
term of the form Fx / s_x00 , so in the normal direction we get
Fn ¼ s_sð$y0 x00 þ x0 y00 Þ ¼ s_sH?, where we used the identity x0 2 þ y0 2 ¼ 1
and therefore 2(x0 x00 þ y0 y00 ) ¼ @ (x0 2 þ y0 2)/@ s ¼ 0.
Putting everything together, the normal force acting on the membrane
due to curvature and tension is

!
F ¼ F . n^ ¼ $y0 Fx þ x0 Fy

ðA10Þ

!
*
+3 "
(
)
1
!
þ s_sH ðA11Þ
¼ s_ k $2r2 H $ 2H y0 y3 þ x0 x3 $ 3 H . n^
2
1*

+
! 3
H . n^

!

þ s_sH
¼ s_k $r2 H $
2
! *
+
*
+3 "
1
!
þ s_sH;
¼ s_ k 2 y0 xð4Þ $ x0 yð4Þ $ 3 H . n^
2

where we used the identity x0 2 þ y0 2 ¼ 1 and therefore 2(x0 x00 þ y0 y00 ) ¼
@ (x0 2 þ y0 2)/@s ¼ 0 and (y0 y3 þ x0 x3) ¼ $ (x00 2 þ y00 2) ¼ $ H2. These
expressions are identical to those derived in Refs. [42,43].
Since the forces are per unit length, while we calculated above the forces
per unit u, so we divide by s_ and finally get

!*
+ 3 "
Fn ¼ k y0 xð4Þ $ x0 yð4Þ $ H 3 þ sH:
2

ðA12Þ

A1.1. Proteins with Spontaneous Curvature
When there are proteins with spontaneous curvature, the free energy
(Eq. A2) changes to

ℱ ¼w

ð1 !

"qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
$ Þ2 þ ðs $ anÞ
x_ 2 þ y_ 2 du;
kðH þ Hn
2

ðA13Þ

where n is the density of proteins along the contour, which may not be
$ þ ðHn
$ Þ2 ?.
uniform. Expanding the quadratic term, we get H 2 þ 2H Hn

96

D. Kabaso et al.

The variation of the first term was done above (all the variations are of the
integrand times the s_ factor).
The new contributions to the forces acting on the membrane are
(normal force per unit length)

!
Fspon;n ¼ Fspon
. n^ ¼ $y0 Fspon;x þ+ x0 Fspon;y
*
k $ 2
$ 00 Þ
¼
ðHnÞ H þ 2ðHn
2

ðA14Þ

!
Ftension;n ¼ Fspon . n^ ¼ $anH:

ðA15Þ

and

A1.2. Fluxes and Diffusion of the Proteins
The conservation equation for the proteins, along the contour [42], becomes

!
!
""
1 @ s_n D 2
1L
1 dE
¼ rs ðs_nÞ þ
;
rs s_nrs
s_ @t
s_
s_ ns
s_ dn

ðA16Þ

where the number of proteins in each unit contour length is N ¼ s_nns (ns is the
saturation concentration of the proteins), E is the energy functional of
Eq. (A13), and the derivative along the contour is rs ¼ ru =_s. We therefore get

!
"
@n n @ s_ D 2
D
de
ru nru
þ
¼ rs ðs_nÞ þ
;
@t s_ @t
s_
dn
kB Tns s_2

ðA17Þ

where e is the energy per unit length, that is, the integrand in Eq. (A13) with
respect to ds.
If the number of proteins is conserved, even though we allow the
membrane overall length to change, then Eq. (A17) is correct. If however
there is a reservoir of membrane that allows it to change in length, then this
membrane can include lipids and proteins, so that the total number of
proteins is not conserved when the membrane length changes. In this
case, the change in the density due to length changes is removed, assumed
to be balanced by the currents into/out of the reservoir. Equation (A17) is
then modified by removing the second term on the left-hand side.
In our calculation of osteointegration, a nonlinear tension was employed,
and as a result, the length of each membrane segment changed very little, so
the second term on the LHS of Eq. (A17) was neglected.
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A2. Numerical Realization of the Model
A2.1. Discretization of the Model
Since the flat shape model represents a segment of the whole cell, we used
periodic boundary conditions. Thus, the number of grid points N equals the
number of discretizations. In our model, the density n of element i is given by

ni ¼

Ni
:
Dsi

ðA18Þ

A2.2. The Boundary Conditions
We employed periodic boundary conditions. The calculation of the first
and second derivatives of the function along the x-direction was performed
using the following explicit Euler method:

@x xnþ1 $ xn$1
¼
;
2Dsn
@s
@ 2 x xn$1 $ 2xn þ xnþ1
¼
;
Ds2n
@s2

ðA19Þ

where the subscripts n, n þ 1, and n $ 1 represent the current, next, and
previous nodes, respectively. The derivatives of the function along the ydirection were calculated in a similar manner. For the calculations
of derivatives of the first point, the last point was added before it; while for
the calculation of derivatives of the last point, the first point was added after it.
A2.3. The Variation of the Helfrich Equation
To find the slowest optimal projectile with the lowest energy of the
membrane, we found the variation of the energy equation along the x
and y coordinates, dF/dx and dF/dy, respectively.
Our derivation as described above was verified using Mathematica
software. The projected normal force along the x- and y-axes is

@y
;
@s
!
@x
;
@s

Fx ¼ Fn $
Fy ¼ Fn

!

ðA20Þ

where Fx and Fy are the projected forces along the x- and y-directions,
respectively. The time evolution of the x and y coordinates is given by
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(
)
xi ¼ xi $ Dt( 1=2kFx;i) =x;
yi ¼ yi $ Dt 1=2kFy;i =x;

ðA21Þ

where Fx,i and Fy,i are contributions of the variation along the x and y
coordinates, at index i, and x is the friction coefficient, which takes into
account drag forces by the surrounding medium. The energy contributions
Fx,i and Fy,i were taken only at the normal direction. Therefore, the
membrane dynamics due to the energy minimization was constrained
only in the normal direction.

A3. Analytic Derivation of the Steady-State Solution
We derive the steady-state solution in order to shed light on the underlying
mechanisms responsible for the observed steady-state shape. In a steady
state, the sum of fluxes of membrane-bound protein complexes (PCs) is
equal to zero. In particular, the sum of the attraction flux due to membrane
intrinsic curvature, Jcurv, and the dispersion flux, Jdisp, gives

!
"
$
$
H
kLH
rH $ rn ¼ 0:
ns
ns

ðA22Þ

The nontrivial solution is

rn ¼

ns
rH;
$
H

ðA23Þ

where H is r 2h. By integrating both sides of Eq. A23 we get

r2 h
þ n0 :
nðxÞ ¼
$
H

ðA24Þ

The function representing the peak region at the steady state is approximated up to a fourth-order polynomial. Note that due to symmetry around
the peak as observed in numerical simulations, the odd orders of the polynomial are assumed to be zero. We use the proportionality found from Eq. A24
to obtain the shape function, h(x), and the distribution of PCs, n(x), as follows:

hðxÞ ¼ h þ fx2 þ gx4 ;
ns ns
nðxÞ ¼ n0 þ 2f þ gx2 ;
$ H
$
H

ðA25Þ

where x is the length along the x-axis. The following is the sum of forces
Ftot derived from the free energy (Eq. (A13)):
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$ 2 n þ 1 n2 H
$ 2H $ 1 H 3
Ftot ¼ k $r2 H þ Hr
2
2
þðs $ anÞH $ 2gh:

!

ðA26Þ

We find the steady-state analytic solutions for Eq. (A26). The aim is to have
a better understanding of how changes in a impact on the SS shape and
distribution of PCs. The steady states n(x) and h(x) (Eq. (A25)) were
incorporated into the force equation (Eq. (A26)). After incorporating these
two functions, we look for a solution that vanishes all the coefficients of
zeroth-, second-, and fourth-order terms. The result of this system of equations
is the solution for the three unknown functions: f, g, and h. The following
is the list of parameter values used in this derivation: a ¼ 0.05 g s$ 2,
g ¼ 0.00004 g s$ 2, n0 ¼ 0.1 (which is the initial relative density of PCs),
$ ¼ $10 mm$1 , and s ¼ 0.001 g s$ 2.
nsat ¼ 10 mm$ 2, k ¼ 100kBT, H
The first solution is the trivial solution with unknowns equal zero and
the second solution is h(x) > 0, g(x) < 0, and f(x) < 0. The plot of this
solution with respect to x gives a similar shape to the steady states seen in
numerical
simulations. From the approximation in (Eq. (A25)), the value of
pﬃﬃﬃ
1= f can be derived to give the width of h(x). We will next determine
which parameter has the largest effect on the width of h(x). From our
analytic derivation, we obtain that

*
+
2 2
$
$
$H 2ðs $ n0 aÞ þ H n0 k
*
+
fa ¼
;
2
$
16 a $ H n0 k

ðA27Þ

whereby neglecting the terms with k due to their smaller magnitude yields:

$
fa ’ H

n0 a $ s
:
8a

ðA28Þ

We find that the proportionality of the width is

pﬃﬃﬃ
1= f ¼

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8a
:
$ ðs $ n0 aÞ
H

ðA29Þ

The following correlations are gleaned from Eq. (A29). Given a large
adhesion constant (a) due to stronger adhesion to the extracellular matrix,
the width of h(x) is smaller to result in a sharper tip.
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