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Monte Carlo simulations of a polymer conﬁned within a
ﬂuid vesicle
Miha Fošnarič,a Aleš Iglič,a Daniel M. Krollb and Sylvio May*b
Monte Carlo simulations are employed to study a ﬂuid vesicle that contains a single worm-like polymer
chain. The contour length of the polymer is about ﬁve times the circumference of the nominally
spherical vesicle. We vary the degree of polymer conﬁnement in our simulations by increasing the
persistence length of the polymer. The vesicle is represented by a randomly triangulated self-avoiding
network that can undergo bending deformations. Upon increasing the persistence length of the
polymer beyond the size of the vesicle, we observe a transition of the polymer from an isotropic
disordered random conformation to an ordered toroidal coil. Concomitantly, the vesicle adopts an
oblate shape to allow for some expansion of the polymer coil inside the vesicle. It is convenient to
characterize both polymer and vesicle in terms of the asphericity, a quantity derived from the gyration
tensor. At the onset of the polymer's ordering transition, the asphericity passes through a minimum for
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both polymer and vesicle. The increase in vesicle asphericity for a semi-ﬂexible polymer can be
understood in terms of ground state energy calculations, either for a simpliﬁed representation of the
vesicle shape (we speciﬁcally discuss a disk shape with a semi-toroidal rim) or involving a full vesicle
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shape optimization. The asphericity of the polymer coil results from conformational ﬂuctuations and can

www.rsc.org/softmatter

be rationalized using Odijk's deﬂection length of strongly curved semi-ﬂexible polymers.

1

Introduction

Polymers are oen conned to spaces much smaller then their
natural size.1–3 This is routinely encountered for the packaging
of nucleic acids in viruses,4 the transport of biopolymers
through nanopores,5–7 or in industrial applications such as
fractionation methods using microuidic devices.8,9 The
connement boundaries are not necessarily rigid; so boundaries may adapt their shape so as to more favorably accommodate the enclosed polymers. Such structural variability is oen
implied by the exibility of cellular boundaries and sub-cellular
structures.10 For example, marginal microtubule bands in some
animal red blood cells help them to obtain their physiological
oblate shapes,11–13 whereas sickle hemoglobin bers rigidify
human red blood cells into pathological prolate shapes.14 In
articial lipid vesicles, diﬀerent types of polymers may be selfassembled,15,16 reconstituted17 or entrapped,2,18,19 strongly
inuencing vesicle shape and properties. Conversely,
membrane properties can aﬀect the conformation of vesicleencapsulated biopolymers.20 Actin laments have also been
polymerized and conned into phospholipid-stabilized emulsion droplets.21
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Connement of polymers within closed surfaces has been
modeled extensively using both simulations and theory.22 This
includes the connement of linear or ring-like23,24 polymers into
cavities25,26 (oen for cavities of xed spherical27,28 or cylindrical29,30 shape), or their surfaces.31,32 It also includes so
conning boundaries such as globular and tubular lipid
membranes.33 Specically, we mention work of Marenduzzo
and Orlandini34 who simulated the growth of a self-assembling
semi-exible polymer inside a so vesicle. It was shown (i) that
very stiﬀ polymers stall growth and lock the vesicle into a
deformed prolate shape (similar to bers in sickle red blood
cells14), (ii) that polymers with intermediate stiﬀness form a
toroidal conguration which distorts the membrane into an
oblate shape (like marginal microtubule bands in growing
erythrocytes11,12), and (iii) that more exible polymers grow long
inside the vesicle, forming massive spool-like condensates,
inating the vesicle isotropically (like genome packing in the
cell nucleus or bacteria1).
In this work we consider a uid-like lipid vesicle that
encloses a single polymer of xed contour length. We choose
the contour length to be about ve times the circumference of
the vesicle if adopting a spherical shape. The vesicle represents
a cavity that – unlike a rigid spherical connement – is
responsive and can adapt to the preferred shape of the polymer.
Both polymer and vesicle shapes are governed by their respective bending elastic energies and entropic contributions. We
model the polymer as a worm-like chain and the vesicle as a
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closed uid sheet that resists bending. Our work attempts to
characterize equilibrium properties of the vesicle–polymer
system using phenomenological modeling and computer
simulations. We are particularly interested in the question how
the vesicle accommodates the polymer and how the polymer
aﬀects the vesicle shape. To this end, we systematically vary the
intrinsic persistence length x of the polymer from values much
smaller to values much larger than the vesicle size. Specically,
in Section 2 we investigate the ground state (i.e., the state of
minimal energy when neglecting thermal uctuations) of the
vesicle–polymer system using approximative geometrical
models and numerical vesicle shape optimization. Monte Carlo
simulations are employed in Section 3 to describe thermal
uctuations of the vesicle and the polymer. In our simulations
we represent the vesicle as a randomly triangulated surface.35,36
Upon increasing the stiﬀness of the polymer we observe a
transition from an isotropic disordered random structure to an
ordered toroidal coil. Concomitantly, the vesicle undergoes a
transition from an (almost) spherical to an oblate disk-like
shape, accommodating the toroidal coil close to its waist. We
characterize the vesicle and polymer in terms of their asphericity; see Section 4. Appendices 1 and 2 contain technical details
of the phenomenological models and shape optimization,
respectively.

2

Ground state calculation

Consider a uid-like lipid vesicle of xed surface area Aves ¼
4pR02, where R0 is the radius of a corresponding sphere with the
same area. The vesicle contains a single linear worm-like polymer chain of xed contour length L with L [ R0. (In the present
work we shall focus on one specic case, L/(2pR0) z 5.) The
elastic energy of the vesicle–polymer system,
ð
ð
k
xkB T 2
ðc1 þ c2 Þ2 da þ
c dl
(1)
E¼
2
2
Aves

L

contains two bending contributions, the rst from the vesicle
and the second from the polymer. The rst integration in eqn
(1) runs over the vesicle surface, where c1 and c2 denote the two
principle curvatures and k is the bending stiﬀness.37 For a
vesicle that consists of a symmetric membrane (including the
absence of a mismatch between the lateral areas of the two
individual membrane leaets) and does not change its
topology, we need to include neither a spontaneous curvature
nor a Gaussian bending contribution. The second integration in
eqn (1) runs over the contour of the polymer, with L being the
contour length, c the local curvature, and xkBT the bending
stiﬀness of the polymer. The latter is expressed in terms of the
intrinsic persistence length x of the polymer and the thermal
energy kBT (where kB is Boltzmann's constant and T the absolute
temperature).
We rst discuss the ground state and corresponding ground
state energy of our vesicle–polymer system. If the polymer is
innitely rigid, x/R0 / N, the ground state must correspond to
a fully stretched polymer residing within an extended, tube-like
vesicle. Reducing the polymer stiﬀness allows the length of the
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extended tube to relax. This can be described phenomenologically by modeling the tube as a sphero-cylinder – a cylinder
capped by two identical hemispheres – that encloses a helical
polymer; see Fig. 7 in Appendix 1 or the scheme “tube” in Fig. 1
for a fully stretched polymer. Such a model introduces the tube
length as single degree of freedom for given parameters
xkBT/(kR0) and L/R0. Maximal and minimal tube lengths correspond to the fully stretched polymer residing in an extended
sphero-cylinder and to the polymer forming a circular ring at
the equatorial region inside a spherical vesicle, respectively.
Examination of the total elastic free energy as function of the
tube length (see Appendix 1 for details) reveals two minima,
E ¼ Emin, corresponding to maximal and minimal tube lengths.
Both minima are displayed in Fig. 1 as function of xkBT/(kR0) for
xed L/(2pR0) ¼ 4.9 (see the thin solid line marked “tube” and
the dotted red line marked “sphere”). The constant value of Emin
for the extended tube signies the fully stretched polymer not
changing its elastic energy as function of x. Similarly, the linear
change of Emin for the spherical vesicle simply reects the
bending contribution of the polymer, with Emin  x for all other
quantities being xed. Fig. 1 indicates that, as xkBT/(kR0) is
lowered, the energetically favorable state switches discontinuously from an almost fully extended thin tube to a spherical
vesicle. However, at this point (i.e., at xkBT/(kR0) z 90 in Fig. 1)
the two favorable states are separated by a large energy barrier.
The height of the barrier is calculated in Appendix 1 for helical
polymer conformations;34,38 allowing for other polymer conformations may somewhat lower barrier, but not remove it. Hence,
if trapped in an initially spherical vesicle, the polymer will be

Fig. 1 Minimal total elastic energy of the vesicle–polymer system as function of
the scaled polymer stiﬀness xkBT/(kR0). The scaled polymer length in the plot is L/
(2pR0) ¼ 4.9, corresponding to our Monte Carlo simulations in Section 3. The
minimal elastic energies for various models are displayed together with an illustration of the corresponding vesicle and polymer shape: sphero-cylinder (thin
solid line, marked “tube”), sphere (dotted red line, marked “sphere”), semitoroidal disk (dashed blue line, marked “disk”), and optimized vesicle shape (thick
solid line, marked “optimal shapes”). The optimal shapes are calculated as outlined in Appendix 2. They are calculated for xkBT/(kR0) ¼ 0, 2, 4, 6, 8 and 10, with
the corresponding radii 1.0  R0, 1.12  R0, 1.16  R0, 1.22  R0 and 1.23  R0 at
the vesicle waist, respectively.
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unable to adopt its fully stretched conformation through
thermal uctuations, even if full stretching corresponds to
lower elastic energy of the vesicle–polymer system.
Instead of forming an extended tube-like structure, the
vesicle can deform into an oblate disk-like shape, with
the polymer adopting a circular ring structure at the waist of the
vesicle. We can phenomenologically model the vesicle as a disk
with a semi-toroidal rim. This structure, to which we refer as
disk model, is illustrated and marked “disk” in Fig. 1. The disk
model exhibits one single degree of freedom, given the
parameter LxkBT/(R02k) is xed. Analysis of the elastic free
energy E (see Appendix 1 for details) reveals the presence of only
one single minimum E ¼ Emin. This minimum is depicted in
Fig. 1 as function of xkBT/(kR0), again for xed L/(2pR0) ¼ 4.9
(see the dashed blue line). It is lower than the minimum of the
polymer enclosed in a sphere. Because no energy barrier resists
the transformation from the spherical to the disk-like vesicle,
the former is always unstable in favor of the latter.
Representing the vesicle by a at disk with a semi-toroidal
rim still overestimates the ground state energy Emin. Indeed, a
full optimization of the vesicle shape (see Appendix 2 for
details) reveals a further decrease of Emin. Fig. 1 displays Emin as
function of xkBT/(kR0); see the thick solid line marked “optimal
shapes”. Fig. 1 also shows a sequence of optimized shapes,
computed for various values of xkBT/(kR0) ranging from 0 to 10.
To go beyond ground state calculations requires us to account
for uctuations, both in vesicle shape and polymer conformations. This is achieved using Monte Carlo simulations as
described in the following section.

3

Monte Carlo simulations

Soft Matter
polymer (and not only between neighboring vertices, as for a
polymer without self-avoidance). We note that the neglect of
self-avoidance renders entanglement and knot formation of the
polymer irrelevant. Knots appeared sporadically in simulations
with polymer self-avoidance – the corresponding runs were then
discarded without further analysis.
The microstates of the vesicle–polymer system are sampled
according to the Metropolis algorithm with the energy for a
given microstate specied in eqn (1). The bending energy of the
discretized vesicle (i.e., of the triangulated network) is calculated as described by Gompper and Kroll;35,36 for a recent review,
see Ramakrishnan et al.39 The bending energy of the discretized
P
polymer is calculated according to kBT(x/l) i(1  cos qi), where
qi denotes the angle between two successive bond vectors along
the polymer and where the sum runs over all neighboring pairs
of bond vectors; x/l is the persistence length, measured in units
of the average bond length of the polymer, l z (lmin + lmax)/2.
The starting conguration in all simulations is an almost
spherical vesicle with the polymer adopting a random coil
inside the vesicle.
In all our simulations the vesicle membrane is triangulated
using N ¼ 1447 vertices, forming 2(N  2) ¼ 2890 triangles. Such
a vesicle, if spherical, has a radius R0/lmin z 13. For the bending
stiﬀness of the vesicle we use k ¼ 10kBT. The polymer inside the
vesicle consists of M ¼ 300 vertices, with an average contour
length, L z Ml, about 5 times longer than the circumference
2pR0 of the spherical vesicle.
Fig. 2 shows snapshots of typical equilibrium congurations
for x ¼ 0 and x ¼ R0. For vanishing persistence length (see the
two upper images of Fig. 2) the polymer behaves almost as a
random coil (although not completely, since it is still conned
by the vesicle to some extent as will be discussed in Section 4).

The uid vesicle is represented by a set of N vertices that are
linked by tethers of variable length l so as to form a closed,
randomly triangulated, self-avoiding network.35,36 The lengths
of the tethers can vary between a minimal value, lmin, and a
maximal value, lmax. Self-avoidance of the network is ensured by
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ﬃ
2
choosing lmax =lmin \ 3 1  ðs=lmin Þ where s is the maximal
random displacement of the vertex. In our simulations we
choose s/lmin ¼ 0.15 and lmax/lmin ¼ 1.67. The randomly triangulated network acquires its lateral uidity from a bond ip
mechanism. A single bond ip involves the four vertices of two
neighboring triangles. The tether connecting the two vertices in
diagonal direction is cut and reestablished between the other
two, previously unconnected, vertices.
The polymer inside the vesicle is represented by M vertices
that form a linear chain. The maximal vertex displacement and
the maximal bond length between two neighboring vertices are
chosen to be the same as for the triangulated network of the
vesicle. We also introduce a minimal distance between any two
polymer and vesicle vertices larger than lmin to ensure that the
polymer cannot penetrate into the vesicle membrane. Most of
our simulations are carried out without self-avoidance of the
polymer; for some simulations (where specied explicitly) selfavoidance of the polymer is implemented by imposing a
minimal distance lmin between all pairs of vertices of the
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Fig. 2 Snapshots of typical equilibrium conﬁgurations of a vesicle (blue color)
containing a linear polymer (red color). Each of the two rows corresponds to a
scaled persistence lengths x/R0 of the polymer as indicated; the two images in
each row show the same system (i.e., the same microstate) from two diﬀerent
viewpoints. The vesicle has a bending stiﬀness k ¼ 10kBT, and the polymer has a
scaled length L/(2pR0) z 4.9. The polymer is modeled without accounting for
self-avoidance. The black dot denotes the center of mass of the vesicle–polymer
system.
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Increase of the polymer stiﬀness so as to match the radius R0 of
the spherical vesicle results in the polymer lling the volume
of the vesicle more uniformly; see the two lower images of Fig. 2.
If the persistence length of the polymer increases beyond the
dimensions of the vesicle, there is a transition to a more ordered
structure, where the polymer forms a toroidal coil within an
oblate-shaped vesicle. Corresponding snapshots are displayed
in Fig. 3 for x ¼ 5R0 (upper images) and x ¼ 20R0 (lower images).
An even further increase of the polymer's persistence length
x/R0 leads to further attening of the disk-like vesicle, with the
polymer adopting a larger ring-like shape close to the waist of
the vesicle. A snapshot for x ¼ 200R0 is shown in Fig. 4. Here, the
two rows refer to a polymer without (upper row of Fig. 4) and
with (lower row of Fig. 4) self-avoidance. Self-avoidance of the
polymer is manifested by the somewhat thicker coil structure
but has little impact on the vesicle shape. We also note the nonvanishing angle the terminal segment of the polymer makes
with the vesicle boundary – this angle is universal (i.e., it does
not depend on the specic material properties) and adopts a
value of 24.1 degrees in the ground state.40,41
For a more quantitative description of the polymer-induced
shape changes, the following section introduces and analyzes
the asphericity of the vesicle and polymer.

4

Asphericity

The transition of the polymer from an isotropic random
conformation to an ordered coil and the subsequent attening
of the vesicle shape can be characterized conveniently in terms
of the asphericity A. To this end, we make use of the Gyration
tensor, whose components are dened for a discrete object
through
Sij ¼

N
1 X
rk;i rk;j
N k¼1

ði; j ¼ 1; 2; 3Þ:

(2)

Fig. 3 Same as in Fig. 2, but for larger scaled persistence lengths x/R0 of the
polymer as indicated. Here, the persistence lengths are larger than the diameter
2R0 of the corresponding spherical vesicle. The polymer adopts the conformation
of an ordered coil within a somewhat oblate-shaped vesicle.
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Fig. 4 Snapshots as on Fig. 2 and 3, but for a polymer with persistence length
x ¼ 200R0, much larger then the lateral dimension of the vesicle. Upper and lower
rows show, respectively, snapshots corresponding to the polymer without (as in
Fig. 2 and 3) and with self-avoidance.

rk
Here, rk,i is the i-th Cartesian coordinate of the position vector~
of the k-th particle. The origin of the coordinate system is
located at the center of mass and the sum runs over all particles
of the object. From the principal moments (i.e., the eigenvalues)
l1 $ l2 $ l3 of Sij (calculated using the algorithm outlined by
Smith42), we obtain the asphericity of the object43
D
E
ðl1  l3 Þ2 þ ðl2  l3 Þ2 þ ðl1  l2 Þ2
E
D
A¼
(3)
2 ðl1 þ l2 þ l3 Þ2
with h.i denoting ensemble averages. We point out that a onedimensional object (where l2 ¼ l3 ¼ 0) leads to A ¼ 1, a twodimensional axisymmetric disk (where l1 ¼ l2 and l3 ¼ 0)
entails A ¼ 1/4, and a sphere (where l1 ¼ l2 ¼ l3) gives rise to
A ¼ 0. The asphericity A has frequently been used in the past to
characterize polymers in conned geometries.23,28,44
We separately perform the calculation of the asphericity for
the vesicle and for the polymer. The ensemble averages needed
to calculate A are obtained from our Monte Carlo simulations.
Specically, aer an initial equilibration of the system, the
averages in eqn (3) are calculated over 10 million sweeps, where
one sweep consists of separate Monte Carlo attempts to displace
each of the N vertices in the membrane, followed by separate N
attempts to ip a randomly chosen bond within the membrane,
and followed by separate attempts to displace each of the M
polymer vertices. Aer every 2500 sweeps gyration tensors and
corresponding eigenvalues are calculated.
Fig. 5 and 6 show the asphericity of the vesicle and of the
polymer, respectively, as functions of the polymer persistence
length x, measured in units of the spherical vesicle radius R0.

This journal is ª The Royal Society of Chemistry 2013

View Article Online

Downloaded on 28 February 2013
Published on 27 February 2013 on http://pubs.rsc.org | doi:10.1039/C3SM27938C

Paper

Fig. 5 Asphericity A of the vesicle as a function of the scaled persistence length
x/R0 of the polymer. Bars indicate standard deviations. Filled bullets and open
squares correspond to a polymer, respectively, without and with self-avoidance.
Results for the disk model (dashed blue line) and for the shape-optimized ground
state (dotted red line) are also shown. The inset in the lower-right corner replots
the vesicle asphericity within the range 0 # x/R0 # 4. The inset in the upper-left
corner shows the vesicle's waist radius Rw (scaled by R0) as function of x/R0. (Note
that Rw is deﬁned as the radius of the circle formed by the vesicle at its plane of
up-down symmetry.) Here again, dashed blue line and dotted red line correspond
to disk model and optimized vesicle shape, respectively.

Fig. 6 Asphericity A of the polymer as a function of the scaled persistence length
x/R0 of the polymer. Bars indicate standard deviations. Filled bullets and open
squares correspond to a polymer, respectively, without and with self-avoidance.
Results for the disk model (dashed blue line) and for the shape-optimized ground
state (dotted red line) are also shown. The inset replots the polymer asphericity
within the range 0 # x/R0 # 8.

The two datasets correspond to the polymer modeled without
(lled bullets) and with (open squares) self-avoidance.
The limit x / 0 does not give rise to vanishing asphericity A,
neither for the vesicle nor for the polymer. In the absence of the
polymer, the uctuation-driven deviation of the average vesicle
This journal is ª The Royal Society of Chemistry 2013
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shape from that of a perfect sphere has been analyzed recently
by Linke et al.,45 yet not in terms of the asymmetry parameter A.
Our present Monte Carlo simulations predict A ¼ 0.0073 with a
standard deviation of 0.0046 for the vesicle (with bending
stiﬀness k ¼ 10kBT) in the absence of the polymer. Similarly for
a bare unconstrained polymer, it is known from work by Rudnick and Gaspari43 that the asphericity A adopts a value of 0.39.
Our present simulations yield a lower value of about 0.16.
This is because the radius of gyration of the polymer in the limit
pﬃﬃﬃﬃﬃ
x / 0 is approx. l M z1:8R0 , indicating that the polymer is
conned to some extent by the vesicle and thus adopts a smaller
asphericity.
Increasing the persistence length of the polymer from zero to
about x/R0 z 1 slightly lowers the asphericity of both the vesicle
and polymer. Our simulation data clearly indicate this for the
polymer, see the inset of Fig. 6, but are somewhat less conclusive for the vesicle, see the inset of Fig. 5. Upon further
increasing the persistence length x, the asphericity A increases.
This is because the polymer starts to coil into an ordered
circular structure near the vesicle membrane, thus pushing the
membrane outwards and deforming the vesicle into an oblate
shape. For both vesicle and polymer, the increase in A starts at
the same value of x/R0 z 3, indicating that the ordering transition of the polymer and the initial shape change of the vesicle
are coupled. In the limit of a very stiﬀ polymer x/R0 [ 1 the
vesicle deforms into a thin disk with the polymer adopting an
almost circular shape near its waist (see Fig. 4). Here, vesicle
and polymer approach the limiting values for a thin axisymmetric object, A ¼ 1/4.
To obtain a more quantitative understanding of the behavior
A ¼ A(x/R0) for the vesicle (Fig. 5), we have calculated its
asphericity using the phenomenological models discussed in
Section 2. The simplest approximation of the vesicle shape is
the disk model (introduced in Section 2 and analyzed in
Appendix 1); i.e. a at disk with semi-toroidal rim and the
polymer forming a circular ring at the waist of the vesicle; see
the illustration in Fig. 1. The corresponding asphericity A for the
vesicle is displayed by the dashed blue line in Fig. 5. Although
the disk model makes a reasonable prediction for A, it somewhat underestimates the Monte Carlo simulation values for x/R0
< 100 and overestimates them for x/R0 > 100. This, in fact, is how
vesicle shape uctuations are expected to aﬀect the asphericity:
small x/R0 give rise to almost spherical vesicle shapes in the
ground state that uctuations render more aspherical.
Conversely, for suﬃciently large x/R0 the ground state will be a
thin disk that out-of-plane uctuations render more spherical.
We have also calculated the asphericity based on the fully
optimized vesicle ground state (as outlined in Appendix 2).
Results of this calculation, which was performed in the region
0 # x/R0 # 100, are displayed in Fig. 5; see the dotted red line.
The bending energy of the vesicle is, of course, lower for the
fully optimized vesicle ground state as compared to the disk
model. (Recall that Fig. 1 explicitly compares the two elastic
energies.) Hence, the polymer is able to deform the vesicle more
when the ground state is fully optimized, implying that the
radius Rw of the circular ring the polymer forms is larger as
compared to the disk model. This is conrmed by an explicit
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comparison of Rw for the two models, shown in the upper-le
inset of Fig. 5 (here again, the dashed blue line and the dotted
red line correspond to the disk model and the fully optimized
ground state, respectively). The larger waist radius Rw implies
the vesicle in its fully optimized ground state to have larger
asphericity – this is conrmed in Fig. 5.
We also discuss the behavior of the asphericity A ¼ A(x/R0) for
the polymer (Fig. 6). Ignoring uctuations of the polymer
conformation altogether would lead to a circular shaped ground
state implying A ¼ 1/4. To describe how A(x/R0) approaches this
limiting value, polymer uctuations must be accounted for.
Based on scaling arguments, Odijk46 has introduced a deection length lc ¼ R2/x for a strongly curved semi-exible polymer,
where x is the polymer's persistence length and R the radius of
curvature. The deection length can be used to express
the polymer's degree of orientational angular uctuations
hq2i ¼ d2/lc2 as hq2i x lc/x, implying a “fuzziness” of d x R3/x2 of
the strongly curved polymer.46 The “fuzziness” can also be
derived from minimizing the free energy of the polymer
Fp/(kBT) x (L/x)  ln(1/d) + xL/(R  d)2 with respect to d. Here,
the two contributions to Fp result, respectively, from the
connement and bending of the polymer. For R [ d we obtain
Odijk's result d x R3/x2. Let us apply this result to the polymer
investigated in the present study. For large persistence length
the polymer forms a ring-like structure that becomes fuzzy
through in-plane and out-of-plane uctuations. The in-plane
uctuations keep the polymer at an average distance d x R3/x2
away from the waist of the vesicle. Out-of-plane uctuations will
occupy the space available to the polymer in the normal direction. Assuming the vesicle forms a sphere of radius R0 ¼ R and
d  R0, the space available to the polymer in the normal
pﬃﬃﬃﬃﬃﬃﬃﬃ
direction is wx R0 d (numerical prefactors are omitted).
Hence, (w/R0)2 x d/R0 x (R0/x)2. The polymer uctuations of
extension w in the normal direction give rise to a polymer
asphericity
A¼

gðR0 =xÞ2  6

!2

gðR0 =xÞ2 þ 12

:

(4)

Here g is a numerical factor that we cannot determine using the
present scaling-type arguments. We obtain eqn (4) based on
the polymer being represented by a thin circular ribbon of
length 2p(R0  d) z 2pR0 and width w, and using the relation
(w/R0)2 x (R0/x)2; for details see Appendix 2. The relation A(x/R0)
is plotted in Fig. 6, see the dashed blue line, g ¼ 30 is chosen so
as to t the Monte Carlo simulation data best. For large x/R0 the
theoretical prediction somewhat underestimates the asphericity
obtained from our simulations (i.e., when carried out without
self-avoidance of the polymer). Note that the behavior of A for
small x/R0 has little physical signicance because neither is the
condition d  R0 satised nor is the polymer forming an
ordered coil for d/R0 ( 1. It is still curious that A according to
eqn (4) passes through a minimum as does the simulation
result for A.
The prediction in eqn (4) is derived for a uctuating polymer
that forms a circular ring-like structure inside a spherical
vesicle of radius R0. The spherical shape of the vesicle enters as

Soft Matter

an assumption that will not be fullled for x/R0 [ 1. We can
account for shape changes based on the disk model. As discussed above, the disk model represents the vesicle by a at disk
with a semi-toroidal rim. The shape of the disk can adjust so as
to best accommodate the polymer (which forms a circle at the
waist of the rim). There are only two modications that the disk
model introduces as compared to representing the vesicle as a
sphere. First the relation d ¼ R03/x2 is replaced by d ¼ Rw3/x2
where Rw is the optimal waist radius of the vesicle according to
pﬃﬃﬃﬃﬃﬃﬃﬃ
the p
disk
ﬃﬃﬃﬃﬃ model. Second, the relation wz R0 d is replaced by
wz hd where h is the thickness of the disk. When accounting
for vesicle shape changes, the thin ribbon (which represents the
normal uctuations of the polymer) is inserted into the disk
instead of a sphere. The disk is able to adjust its shape as
function of x/R0. More specically, the two quantities Rw and h
follow from minimizing the vesicle shape according to the disk
model as function of x/R0. The elastic energy according to the
disk model is specied in Appendix 1; see eqn (7). The
asphericity A of the polymer with vesicle shape changes
accounted for (i.e., according to the disk model) is plotted in
Fig. 6; see the dotted red line. There is almost no diﬀerence,
implying that vesicle shape changes have little inuence on the
asphericity of the polymer.

5

Conclusions

In this work we have investigated a single polymer enclosed in a
uid vesicle. Upon increasing its persistence length the polymer
undergoes an ordering transition, forming a circular conformation that induces a attening of the vesicle so as to better
accommodate the polymer. Asphericity of vesicle and polymer
both pass through a minimum just prior to the onset of the
ordering transition; i.e., when the persistence length of the
polymer is roughly equal to the vesicle size. For persistence
lengths much larger than that, the vesicle adopts an increasingly
more oblate shape with the polymer at its waist adopting a
circular conformation. Here, ground state calculations provide
reasonable estimates for the vesicle shape and asphericity. The
asphericity of the polymer can be rationalized in terms of
Odijk's46 deection length. We point out that our work focuses on
the simplest case, where neither interactions between
membrane and polymer nor between polymer segments (other
than steric) are included. For example, polymer–polymer interactions can give rise to the formation of helical structures for
polymers in spherical connement.47 Beyond that, the present
model can also be extended to account for polymer networks
enclosed in uid membranes. We also point out that the present
work focuses on one single contour length of the polymer, equal
to roughly ve times the circumference of the nominally spherical vesicle. The theoretical models employed in the present work
(mostly ground state energy calculations) apply also to longer
chains. We expect them to provide reasonable descriptions for
vesicles with longer chains as long as self-avoidance of the
polymer can be neglected. Eventually, for suﬃciently long polymers steric polymer–polymer interactions and corresponding
packing constraints will become relevant.34 This is another
interesting extension of the present work. Even for a small
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contour length of the polymer i.e., when a stiﬀ polymer is barely
longer than the vesicle size, the vesicle may respond through
shape changes that are worth future investigations.
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Appendix 1: tube model and disk model
As discussed in Section 2, we use two simplied geometric
models for estimating the elastic energy of the vesicle–polymer
system. The tube model consists of a cylindrical segment of
length Lc and radius Rc, which contains a polymer of contour
length L forming a helical conformation. The cylinder ends are
covered by two hemi-spherical caps of radius Rc. The disk model
consists of a at disk of thickness h and radius Rs that is capped
by an semi-toroidal segment of outer radius Rs + h. The polymer,
which has a contour length L, adopts a circular conformation of
radius Rw ¼ Rs + h. Vesicle and polymer are illustrated in Fig. 7
for both the tube model (le) and disk model (right). Recall that
we express the (xed) area of the vesicle Aves ¼ 4pR02 in terms of
the radius R0 of an equivalent sphere. Also, xkBT and k denote
the bending rigidities of the polymer and vesicle, respectively.
We rst discuss the tube model. The xed area of the
sphero-cylinder provides us the relation Lc ¼ 2Rc[(R0/Rc)2  1].
The helical shape of the polymer can be parameterized by
the position vector ~
r ¼ {Rccos(ut),Rcsin(ut),t} with
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ.
2
u ¼ ðL=Lc Þ  1 Rc and 0 # t # Lc, producing a contour of
length L and curvature c ¼ [1  (Lc/L)2]/Rc. Adding the contributions from the vesicle and the enclosed polymer and using
area conservation, we express the total elastic energy E ¼ Etube of
the vesicle–polymer system (see eqn (1)) as
"
#2
ðs  1Þ2
Etube 3 þ s ab
þ s 1 2 2
¼
:
(5)
4
8
8pk
pbs
Here, we have dened dimensionless parameters
 2
R0
xkB T
L
s¼
; a¼
; b¼
:
kR0
2pR0
Rc

(6)

Fig. 7 Schematic illustration of two geometric models: the tube model (left)
represents the vesicle as a sphero-cylinder of radius Rc and total length Lc + 2Rc
that contains the polymer in a helical conformation. The disk model (right)
represents the vesicle by a ﬂat disk of thickness 2h and radius Rs, capped by a
semi-toroidal rim. Here, the polymer adopts a circular conformation of radius Rw ¼
Rs + h along the waist of the vesicle. The vertical broken line marks the axis of the
vesicle's rotational symmetry.
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The rst term on the right-hand side of eqn (5) (i.e., (3 + s)/4)
is the bending energy of the vesicle, and the second term
accounts for bending the polymer. Parameters a and b describe
the scaled stiﬀness and contour length of the polymer, respectively. Our simulations correspond to 0 # a # 30 and b ¼ 4.9.
Parameter s is unconstrained but must reside in the region
1 # s # smax. Here, s ¼ 1 and s ¼ smax correspond to Lc ¼ 0 and
Lc ¼ L, respectively. Because for Lc ¼ L the polymer is fully
stretched and thus has vanishing bending energy, we obtain
from eqn (5) the expression p2b2smax ¼ (smax  1)2 or, when

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
solved, smax ¼ 1 þ 2ðpb=2Þ2 1 þ 1 þ ðpb=2Þ2 . For a long
polymer b [ 1 and therefore smax ¼ (pb)2 or, equivalently,
A ¼ 2pRcL. Here, the area of the two end caps becomes
negligibly small as compared to the mantle of the cylinder.
The elastic energy Etube(s) is plotted in Fig. 8 for b ¼ 4.9 (i.e.,
corresponding to our Monte Carlo simulations). We note that
Etube(s) exhibits a minimum at s ¼ 1, indicating a spherical
vesicle, and for a > 1.2 another minimum near s z smax z (pb)2
that corresponds to the almost fully stretched polymer.
The minimum at s ¼ 1 is lower than that at s z smax as long as
a < a* ¼ 97. At a ¼ a* both energy minima are separated by a
large energy barrier (z2100  8pk for b ¼ 4.9). The inset of
Fig. 8 shows how a* depends on b.
Next, we discuss the disk model. Here, the vesicle adopts the
shape of a at disk with a semi-toroidal rim, and the polymer
forms a circle at the waist of the vesicle; see Fig. 7. The area of
the vesicle has contributions from the two at circular top and
bottom segments, each equal to pRs2, and from the semitoroidal rim, which amounts to 2ph(2h + pRs). Dening the
ratio s ¼ Rs/h as a measure for the deviation of the disk shape
from that of a sphere (s ¼ 0), area conservation of the vesicle
gives rise to the relation 2 + ps + s2 ¼ 2(R0/h)2. Using this relation
and calculating the bending energies for the polymer and
vesicle, it is straightforward to express the elastic energy
E ¼ Edisk of the vesicle–polymer system (see eqn (1)) as

Fig. 8 Elastic energy Etube(s) for the tube model, plotted according to eqn (5).
Diﬀerent curves correspond to diﬀerent a ¼ xkBT/(kR0) as indicated, all derived for
b ¼ L/(2pR0) ¼ 4.9. Generally, Etube(s) exhibits two minima, one at s ¼ 0 and one at
s z smax z (pb)2. At a ¼ a* ¼ 97 the two minima have the same magnitude as
indicated by the dotted line. The inset shows how a* depends on b. Note that our
simulations correspond to b ¼ 4.9 and cover the range 0 # a # 30.
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Edisk
s2
1þs
ab 2 þ ps þ s2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼1þ
arccoth
þ 
; (7)
8
8pk
2 1  s2
2ð1 þ sÞ2
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where again a ¼ xkBT/(kR0) and b ¼ L/(2pR0) as in eqn (6). The
rst two terms on the right-hand side of eqn (7) correspond to
the bending energy of the vesicle, and the last term to the
bending of the polymer. Note that Edisk depends only on the
product ab, whereas Etube depends on a and b individually. As
for the sphero-cylinder, s constitutes an unconstrained degree
of freedom. The elastic energy Edisk(s) adopts a single minimum
for any given value of ab. This minimal value is displayed in
Fig. 1 as dashed blue line, corresponding to b ¼ 4.9.

Appendix 2: shape optimization
We describe the full optimization of the vesicle shape, given the
vesicle has xed area Aves ¼ 4pR02 and the polymer adopts a
circular conformation of radius Rw at the waist of the vesicle.
Consider a vesicle of axial symmetry about the z-axis and mirror
symmetry about the x, y-plane, where the polymer is located.
(Due to the mirror symmetry, we only need to calculate the
vesicle shape for z > 0.) We describe the vesicle shape as a
function of the contour length l of the vesicle's cross-section
using the local radial distance r(l) to the axis of symmetry and
the angle J ¼ J(l) between the normal of the vesicle surface
and the axis of symmetry (i.e., the z-axis). The two functions r(l)
and J(l) depend on each other through cos J ¼ dr/dl. The two
principal curvatures of the vesicle membrane are c1 ¼ dJ/dl
and c2 ¼ sin J/r. Hence, the elastic energy of the vesicle–polymer system (see eqn (1)) is
k
E ¼ 2  2p
2

lmax
ð

0

2

dJ sin J
kB Tx L
þ
rdl þ
;
dl
r
2 Rw 2

(8)

where the rst and second part on the right-hand side correspond to the elastic energies of vesicle and polymer, respectively. As before, k is the bending stiﬀness of the membrane, x is
the persistence length of the polymer, and L is the contour
length of the polymer. The integration runs up to a constant
lmax, which can be determined so as to satisfy conservation of
the vesicle area Aves. It is convenient to have the contour start at
the specic radial distance Rw at the z ¼ 0 plane and progress
until reaching the z-axis. That is, at l ¼ 0 and l ¼ lmax, the
functions r(l) and J(l) fulll the conditions r(0) ¼ Rw, r(lmax) ¼
0, J(0) ¼ p/2, and J(lmax) ¼ 0. These relations serve as
boundary conditions for a set of diﬀerential equations obtained
from functional minimization of E ¼ E[r(l), J(l)]; see Fošnarič
et al.48 for an explicit specication of the diﬀerential equations.
The waist radius Rw can be viewed as a xed constant for any
specic calculation of E. Carrying such a calculation out for
diﬀerent Rw allows us to compute the elastic energy E as function of Rw. The minimum of that function then yields the
optimal waist radius Rw and corresponding minimal elastic
energy E ¼ Emin. The scaled optimal energy Emin/(8pk) is plotted
in Fig. 1 for xed L/(2pR0) ¼ 4.9; see the black thick solid line.
Corresponding cross-sections of vesicle shapes are also displayed in Fig. 1 for a number of specic values xkBT/(kR0).
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From the parameterization of the vesicle in terms of r(l) and
z(l) ¼ sin J(t) we can calculate the asphericity (as dened in
eqn (3)) through
0l
12
max
ð
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
2
2
2
B
dlr r0 þ z0 r =2  z C
B
C
B
C
l
B max
C
A¼B l
(9)
C;
B max
C
ð
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
 C
 2
B
2
2
2
@
dlr r0 þ z0 r þ z A
lmax

where the prime denotes the derivative; i.e., r0 ¼ dr/dl and z0 ¼
dz/dl. In Fig. 5, the results of A for the disk model (dashed blue
line) and for the shape-optimized (dotted blue line) ground
state model are computed using eqn (9), in each case based on
the corresponding set of functions r(l) and z(l). Eqn (4) is also
obtained from eqn (9) with the specic choices r(l) ¼ R0, z(l) ¼ l,
and lmax ¼ R02/(2x).
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