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Klemen Bohinc,*,†,‡ Tomaž Slivnik,† Aleš Iglič,† Milan Brumen,§,| and Veronika Kralj-Iglič⊥
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SI-1000 Ljubljana, SloVenia, and Laboratory of Clinical Biophysics, Faculty of Medicine, UniVersity of
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The transmembrane distribution of membrane constituents in the two leaflets of a cylindrical bilayer, which
is in contact on both sides with an electrolyte solution, was studied by mathematical modeling. The model
considers electrostatic interactions between the charged membrane molecules and the monovalent ions of the
electrolyte solution, the bending elasticity of the membrane, as well as the anisotropy of the molecular intrinsic
shape in the membrane. We showed that the strongly anisotropic uncharged membrane constituents are
distributed asymmetrically between the two leaflets of the membrane. The asymmetric transmembrane
distribution of charged weakly anisotropic membrane constituents is caused by the difference between the
ionic strengths in the outer solutions and those in the inner solutions. For strongly anisotropic charged
constituents in the membrane, we found that the asymmetric transmembrane distribution is driven by an
interplay between the shape and the charge of the membrane constituents, as well as the difference between
the ionic strengths in the outer solutions and those in the inner solutions. We also showed that the composition
of the bilayer and the intrinsic curvatures of membrane components influence the stability of the tube.

1. Introduction
Thin tubular organic structures have become a subject of
increasing interest due to their importance in biology and
technology.1-3 They are often formed by biological membranes.4-6 Polymerization of actin and microtubules into long
filaments beneath the cell membrane is assumed to be one of
the possible origins of protrusive force which is supposed to
push out the cell membrane in the form of thin tubular
membrane protrusion.7-10 It is also thought that the tubular
structures can be formed by membrane associated motor proteins
which are able to grab the membrane and pull on it as they
move along the cytoskeletal filaments.11 In experiments, the
techniques as optical tweezers12 or micropipettes13 are also able
to produce the tubular membrane structures.
It was shown that long and thin tubular membrane protrusions
can be stable also without an inner supporting rod-like structure
or a pulling mechanical force.14,15 As an example, the tubular
budding of biological membranes is possible also because of
the accumulation of anisotropic membrane constituents in the
tubular membrane region.15,16 Without the accumulation of
anisotropic membrane constituents and without the protrusive
force, the spherical budding is always energetically favorable.17,18,15
The mechanism of tubular budding may also be responsible
for stabilization of the thin tubes that connect cells or cell
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organelles5,6 and might be important for transport of matter and
information in cellular systems.2-4,6,19 Some recent studies
indicated that vesicular transport between cell organelles over
longer distances is not random and that it takes place between
specific surface regions of the cell organelles.20,1 Among other
mechanisms, such an organized transport may be achieved by
nanotube-directed transport of carrier vesicles or direct transport
through nanotubes.2,19,4,6 Such nanotubes constituted of cell
membrane link two cells and open communication between
them. Both immune and neural cells have been observed to
transfer proteins or calcium to one another through these
nanotunnels, and viruses have been seen to travel from cell to
cell within the tube as well.21 Thin tubular membraneous
structures are therefore important in cell structure and function,2,4-6
but they have not been extensively explored in the past because
of experimental difficulties in investigating these thin and fragile
structures. Therefore, very little is known about the variables
that control their shape or the distribution of lipid molecules
between the two membrane layers.22,14,15
The components of biological membranes are asymmetrically
distributed between the two surfaces. Almost every type of lipid
is present on both sides of the membrane bilayer but in different
amounts.23 There are many reasons for the asymmetric distribution of components between the two layers and different possible
explanations. For example, in the erythrocyte membrane, the
asymmetric distribution of lipids can be partially ascribed to
interactions of lipids with spectrin.24 On the other hand, there
is experimental and theoretical evidence that an asymmetric
distribution of lipids between the membrane layers is an ATPdependent process.25,26 It was observed that ATP-dependent
translocation of phosphatidylserine and phosphatidylethanola-
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mine molecules from the outer membrane monolayer to the
cytoplasmic one takes place. Furthermore, a theoretical study
of phospholipid translocation in the erythrocyte membrane,
taking into account active and passive fluxes of these lipids and
passive fluxes of phosphatidylcholine, sphingomyeline, and
cholesterol, showed that an asymmetric lipid distribution
emerges from counterbalanced fluxes whereby the passive fluxes
are driven by concentration gradients and by mechanical forces
arising from an area limitation of lipid occupation in both
membrane layers.27
The lateral and transmembrane distribution of lipid and
protein molecules in bilayer membrane structures exhibiting high
membrane curvatures may strongly depend on the intrinsic shape
of the constituent molecules.28,29 Israelachvili et al.28 have shown
that the up-down asymmetry of the lipid molecules, that is,
the relative size of their head group and hydrophobic tails, are
the major lipid properties that determine asymmetry in the
transmembrane distribution of lipids in two-component very
small spherical vesicles.30
Normally, the constituents of biological membranes (lipids,
glycoproteins, glycolipids, etc.) carry one or more ionized or
polar groups.31 The ionized groups contribute to the surface
charge density. The molecules which are bound to or absorbed
onto the membrane surface may also contribute to the surface
charge density.32 Therefore, the electrostatic interactions between
the membrane surface charge and the ions in solution may
influence the distribution of charged components between the
leaflets of the membrane and the concentration profile of the
ions in the electrolyte solution inside and outside the membrane
(tube).33
In this work, the transmembrane distribution of membrane
constituents is studied theoretically for two-component membrane bilayer nanotubes having high membrane curvature.
Therefore, in contrast to previous studies28 where only isotropic
intrinsic curvatures of the membrane components were considered, in the present work, we take into account the fact that the
membrane components may in general also be anisotropic with
respect to the axis pointing in the direction of the normal to the
membrane bilayer.34,35
The membrane bilayer nanotubes composed of charged and
uncharged constituents in general may have different surface
charge densities on the inner and outer surfaces. This asymmetry
causes different surface potentials in the inner and outer surfaces.
In order to describe such systems, a theoretical model was
constructed, which allows the area densities of membrane
constituents to equilibrate between the inner and the outer
membrane monolayers. Additionally, the exchange of counterions from the inside to the outside of the nanotube and vice
versa was taken into account; this is needed to fulfill the electroneutrality condition of the whole system.
Starting from a microscopic description of the intrinsic shape
of membrane constituents, we derived an expression for the
membrane-free energy taking into account the orientational
ordering of the anisotropic membrane constituents. In our model,
the membrane free energy involves the electrostatic free energy
of the charged membrane in contact with the inner and outer
electrolyte solutions and the deviatoric contribution of the
individual anisotropic membrane constituents because of their
orientational ordering.34,36,37 From the condition for the free
energy to reach its minimum, the equilibrium transmembrane
distributions of charged and neutral tube components were
predicted for different values of model parameters such as the
mean curvature and curvature deviator of the intrinsic molecular
shape, the charge of the membrane constituents, the lateral
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Figure 1. Schematic presentation of the cross section of a bilayer
nanotube, which is in contact outside and inside with the electrolyte
solution.

interaction constant of a single molecule within the surrounding
layer, and the ionic strengths in the inner and the outer
electrolyte solution.
For the sake of simplicity, we restricted our theoretical
considerations to the stable tubular structures which are possible
only at high enough lateral membrane tensions. Namely, at high
membrane lateral tension, the membrane fluctuations (and/or
undulations) around the average tubular shape are largely
suppressed.38 Such high lateral tension may be achieved either
by an inner supporting cytoskeleton rod-like structure or by a
pulling mechanical force produced by the techniques such as
optical tweezers.12,8-10
2. Theory
We consider a tube with the membrane built up from two
monolayers. The symbols Ro and Ri denote the outer and the
inner radii of the tube (Figure 1), respectively. The length (l)
of the tube is assumed to be much larger than both radii. The
membrane bilayer consists of two kinds of constituents. The
molecules of the first type have intrinsic curvatures C1m,1 and
C2m,1, while the molecules of the second type have intrinsic
curvatures C1m,2 and C2m,2.35 We shall assume that the molecules
of the first type can in general have a net charge Z1e0, where Z1
) 0, (1, (2,.., while the molecules of the second type always
have zero net charge (Z2 ) 0).
The tube is coaxially enclosed in a cylindrical cell of radius
Rcell. The tube is in contact inside and outside with a monovalent
electrolyte solution. The ions with charge of the same sign as
the tube are attracted by the membrane of the tube and are called
counterions. The ions with a charge of the opposite sign to the
tube are depleted from the tube and are called coions. A diffuse
electrical double layer is created inside and outside the tube.
At the distance Rcell from the center of the tube, the electric
field vanishes. For reasons of symmetry, the electric field must
vanish at the tube axis.
The total number of molecules in the outer layer No is

N o ) N1 + N2

(1)

where N1 is the number of molecules of the first type and N2 is
the number of molecules of the second type in the outer layer,
while the total number of molecules in the inner layer Ni is

Ni ) Ñ1 + Ñ2

(2)
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|C1 - C2|/2 is the curvature deviator of the tube, and C1 and C2
are the principal curvatures of the membrane. Hm,i ) (C1m,i +
C2m,i)/2 and Dm,i ) (C1m,i - C2m,i)/2 are the mean curvature
and the curvature deviator describing the intrinsic shape of a
single molecule,35,36 respectively. The strength of the interaction
between a single molecule of type i and the surrounding
membrane nanotube is represented by the constants ξ/i and ξi.
The curvature energy is included through the energy of a single
molecule (eq 4). In the limit of isotropic lipid molecules (Dm,i
) 0), the described approach leads to the well-known Helfrich
local bending energy of the lipid bilayer.37
In the case of spherical nanovesicles, it was shown that,
ignoring any specific interactions between the lipids in the twocomponent vesicles, the equilibrium area of the lipids will
remain close to their optimal areas.28 For the sake of simplicity,
in this work, the expression for the single-molecule energy (eq
4) does not involve the term28,39,27 dependent on the area of the
constituent molecule.
All molecules of a chosen type are considered to be
indistinguishable. The partition function for the molecules in
the outer membrane layer is given by

Qo )
Figure 2. Schematic figure of intrinsic shapes of lipids, dimeric
detergent, and glycolipid. Note that the values of intrinsic curvatures
C1m and C2m do not necessary describe only the geometrical shape of
the molecules (shaded region).

where Ñ1 is the number of molecules of the first type and Ñ2 is
the number of molecules of the second type in the inner layer.
The number of molecules of the first type in the outer layer
is given by No ) 2πRol/a, where the outer radius of the tube is
Ro ) R + δ/2, R is the mid-cylinder radius, δ is the thickness
of the hydrophobic part of the lipid double layer, and a is the
surface area of one lipid molecule. The number of molecules
in the inner layer is given by Ni ) 2πRil/a, where the inner
radius of the cylinder is Ri ) R - δ/2.
The total number of molecules of the first type in the tube
N1T is

N1T ) N1 + Ñ1

(3)

Equations 1, 2, and 3 determine the total number of molecules
of the second type in the tube N2T ) N2 + Ñ2 ) No + Ni N1T.
The anisotropic membrane constituent (Figure 2) can orient
in the plane of the membrane according to the local membrane
curvature.34,36 The coupling between the orientation of the
constituent and the difference between the two principal
membrane curvatures causes orientational ordering in the regions
where the difference between the two principal curvatures is
large. The orientation of a constituent is given by rotation of
the principal directions of the intrinsic constituent shape with
respect to the membrane principal directions ω. The energy of
a single molecule embedded in the bilayer nanotube is taken
into account by36

ξi
Wi ) (H - Hm,i)2
2
/
1 ξi + ξ i 2
+
(D - 2DDm,i cos 2ω + Dm,i2) (4)
2 2
where H ) (C1 + C2)/2 is the mean curvature of the tube, D )

No!q1N1q2N2
N1!N2!

(5)

while the partition function for molecules in the inner layer is
given by

Qi )

Ñi!q̃1Ñ1q̃2Ñ2

(6)

Ñ1!Ñ2!

where
/

/

qi ) e-(ξi/2kT)(H-Hm,i) -(ξi+ξi /4kT)(D +Dm,i )+lnI0((ξi+ξi )DDm,i/2kT) (7)
2

2

2

is obtained through statistical averaging over all available
orientations ω, kT is the thermal energy, and I0 is the modified
Bessel function. Inserting eq 5 into relation Fm
o ) -kTlnQo
and using the Stirling approximation, we obtain the free energy
of the outer layer of the nanotube

Fm
o ) kTN1 ln

N1
N2
+ kTN2 ln
+ N1R1 + R2N2
No
No

(8)

where

Rj )

(

)

(( )

2
ξj 1
(ξj + ξ/j ) 1 2
- Hm,j +
+ Dm,j2
2 2Ro
4
2R0

- kT ln I0

(

)

)

(ξj + ξ/j )Dm,j
(9)
4RokT

We took into account that the curvature deviator of the outer
layer of the tube D ) 1/(2Ro), while its mean curvature H )
1/(2Ro).
Inserting eqs 6 into relation Fm
i ) -kT ln Qi and using the
Stirling approximation, we obtain the free energy of the inner
layer of the vesicle

Fm
i ) kTÑ1 ln
where

Ñ1
Ñ2
+ kTÑ2 ln
+ β1Ñ1 + β2Ñ2
Ni
Ni

(10)
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βj )

(

)

(( )
(
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)

2
ξj
(ξj + ξ/j ) 1 2
1
- Hm,j +
+ Dm,j2
2
2Ri
4
2Ri

- kT ln I0

According to Gauss’s law, the energy of the bilayer is not
considered (see eqs A.8 and A.17).
Inserting eqs 8, 10, 12, and 13 into eq 18, we obtain

)

ξ/j )Dm,j

(ξj +
4RikT

(11)

We have taken into account the fact that the curvature deviator
of the inner layer of the tube D ) 1/2Ri, while its mean curvature
H ) 1/2Ri.
The outer part of the tube is in contact with the electrolyte
solution composed of monovalent counterions and coions with
concentration nod in the bulk, while the inner part of the vesicle
is in contact with the electrolyte solution composed of counterions and coions with concentration nid in the center. The
electrostatic interaction between the ions in the electrolyte
solution and the corresponding charged surface is taken into
account within the linearized Poisson-Boltzmann (PB) theory.
The electrostatic free energy of the outer electric double layer
in the linearized PB theory33,40 is given by

1
Felo ) σoΦ(Ro)2πRol
2

(12)

N1
(No - N1)
+ kT(No - N1) ln
+
No
No
(N1T - N1)
N1R1 + (No - N1)R2 + kT(N1T - N1) ln
+
Ni
(Ni - N1T + N1)
kT(Ni - N1T + N1) ln
+ (N1T - N1)β1 +
Ni

F ) kTN1 ln

(Ni - N1T + N1)β2 +
+

1
) σiΦ(Ri)2πRil
2

(13)

where the electrostatic potential at the outer charged surface is
given by (see Appendix)

K0(κoRo)
Φ(Ro) ) cσo
K1(κoRo)

∂F
)0
∂N1

N1Z1e0
2πRol

(16)

where

is

the

c̃ )

x

surface

charge

density

N1(Ni - N1T + N1)
(No - N1) (N1T - N1)

+ R1 - R2 - β1 + β2

(15)

order j, and κo ) x2e20nodNA/(0kT). The electrostatic potential
at the inner charged surface in the linearized PB theory is given
by (see Appendix)

Ñ1Z1eo
2πRil

kT ln

Introducing the Bjerrum length lB ) e20/(4π0kT), the Debye
length inside the tube liD ) 1/κi, and the Debye length outside
the tube loD ) 1/κo, we find that the electrostatic part of eq 21
can be rewritten in the form

charge, c ) xkT/(2e20nodNA0), NA is Avogadro’s number,  is
the relative dielectric constant of the solution, 0 is the
permittivity of a vacuum, Kj are hyperbolic Bessel functions of

σi ) -

Inserting eq 19 into eq 20, we obtain the nonlinear equation
for the equilibrium number N1

(14)

is the surface charge density of the outer layer, Z1 is the valency
of the membrane constituents of first type, e0 is the elementary

I0(κiRi)
Φ(Ri) ) c̃σi
I1(κiRi)

(20)

N1e20cZ21 K0(κoRo) (N1T - N1)e20c̃Z21 I0(κiRi)
+
+
) 0 (21)
2πRol K1(κoRo)
2π Ril
I1(κiRi)

and

σo ) -

c̃e20(N1T - N1)2Z21 I0(κiRi)
(19)
4πRil
I1(κiRi)

The number of molecules of first type N1 in the outer layer
can be determined by the condition for the free energy (eq 19)
to be at its minimum

while the electrostatic free energy of the inner electric double
layer33 can be written as

Feli

ce20N21Z21 K0(κoRo)
4πRol K1(κoRo)

kT ln

N1(Ni - N1T + N1)
(No - N1)(N1T - N1)

+
2N1lBloDZ21 K0(κoRo)
Rol
K1(κoRo)

R1 - R2 - β1 + β2 + kT

2(N1T - N1)lBliDZ21 I0(κiRi)
) 0 (22)
Ril
I1(κiRi)

+ kT

For the sake of simplicity we take ξ/i ) ξi for i ) 1,2. The
value ξi ∼ 20kTa, where a is the surface area of one lipid
molecule, was estimated for isotropic lipid molecules in a nearly
flat bilayer membrane.14 With increasing membrane curvature,
intrinsic curvatures, and anisotropy of the lipid molecules, the
value of ξi may be strongly increased. The values of ξi can be
even larger for proteins and glycolipids.35,29

(17)
3. Results
of

kT/(2e20nidNA0), Ij are the modified
j, and κi ) 2e20nidNA/(0kT).

the

inner

layer,

Bessel functions of

order
x
The free energy of the whole system is thus given by:
el
m
el
F ) Fm
o + Fo + Fi + Fi

(18)

Figure 3 shows the number of constituents of the first type
(for Z1 ) 0) in the outer layer of the tube (N1) as a function of
the intrinsic mean curvature Hm,1. We assumed that the intrinsic
mean curvature Hm,1 and the intrinsic curvature deviator Dm,1
of the membrane constituents of the first type are equal, that is,
Dm,1 ) Hm,1. The value N1 is shown for three different intrinsic
curvatures Hm,2 ) Dm,2. The radius of the tube is R ) 40 nm;
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Figure 3. Number of constituents of first type in the outer layer of
the tube N1 as a function of the intrinsic mean curvature Hm,1 (Hm,1 )
Dm,1) for Z1 ) 0. The following intrinsic curvatures were chosen: Hm,2
) Dm,2 ) 0 (normal line), Hm,2 ) Dm,2 ) 0.5/nm (dotted line), and Hm,2
) Dm,2 ) -0.5/nm (dashed line). The model parameters are R ) 40
nm, N1T ) 100 per 1 nm length of the tube, δ ) 3 nm, a ) 0.6 nm2,
ξ1 ) ξ2 ) 20kTa and the surface area of one lipid molecule a ) 0.6
nm2. Inset (top): N1 as a function of Hm,1, where ξ1 ) 200 kTa, ξ2 )
20kTa. Inset (bottom): N1 as a function of Hm,1, where ξ1 ) 20kTa, ξ2
) 200kTa. We assume ξi ) ξ/i for i ) 1,2.

the total number of molecules of the first type is N1T ) 100 per
1 nm length of the tube. We see that N1 increases as a function
of the intrinsic curvature Hm,1 for all three cases. For a given
Hm,1, the value of N1 decreases with increasing Hm,2. The insets
of Figure 3 show N1 as a function of the intrinsic mean curvature
Hm,1 for different values of the constants ξ1 and ξ2. It can be
seen that an increase of the interaction constant ξ1 increases
the slope of the dependence of N1 on Hm,1. In contrast, an
increase of the interaction constant ξ2 decreases the slope of
the dependence of N1 on Hm,1.
Figure 4 shows the number of constituents of the first type
in the outer layer of the tube (N1) as a function of the intrinsic
mean curvature Hm,1 for different values of the bulk concentrations of counterions inside and outside the tube and different
valencies of the membrane constituents. For the sake of
simplicity, we assumed Dm,1 ) Hm,1 and Hm,2 ) Dm,2 ) 0. The
space inside and outside the tube is filled with electrolyte
solutions of different ionic strengths. The constituents of the
first type have valencies Z1 ) 1 or Z1 ) 2. For comparison, the
case is also presented where the constituents are uncharged (Z1
) 0). The total number of constituents of the first type is fixed.
The radius of the tube is R ) 40 nm. In all cases, N1 increases
with increasing intrinsic curvature Hm,1. The dependence of N1
on Hm,1 is influenced by the electrostatic interactions; a decrease
of the ionic strength outside the tube causes a decrease of N1 in
the outer layer. A decrease of the ionic strength inside the tube
causes an increase of N1 in the outer layer. These effects are
pronounced for increasing valency of the membrane constituents
of the first type (see Figure 4 for Z1 ) 2).
The counterion concentration profiles inside and outside the
charged tube are shown in Figure 5. The calculated number of
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Figure 4. Number of constituents of first type in the outer layer of
the tube N1 as a function of the intrinsic mean curvature Hm,1 (Hm,1 )
Dm,1) for different values of the bulk concentrations of counterions inside
the tube nid and outside the tube nod and different valencies of the
membrane constituents of first type Z1: nid ) 0.1 mol/l, nod ) 0.1 mol/
l, Z1 ) 1 (b) and Z1 ) 2 (c); nid ) 0.01 mol/l, nod ) 0.1 mol/l, Z1 ) 1
(d) and Z1 ) 2 (e); nid ) 0.1 mol/l, nod ) 0.01 mol/l, Z1 ) 1 (f) and Z1
) 2 (g). For comparison the case is also shown where the electrostatic
effects are not taken into account (a). The model parameters are R )
40 nm, N1T ) 100 per 1 nm length of the tube, Hm,2 ) Dm,2 ) 0, δ )
3 nm, a ) 0.6 nm2, ξ1 ) ξ2 ) 20kTa. We assume ξi ) ξ/i for i ) 1,2.

constituents of the first type in the outer and the inner layers is
also shown (Figure 5). The profiles are calculated for three
different combinations of bulk values of counterion concentrations outside and inside the tube. For each combination, the
number of constituents of the first type in the outer layer (N1)
was calculated (in Figure 4 these situations are indicated with
points at Hm,1 ) Dm,1 ) 0). For each situation, from the given
N1, the surface charge densities in the inner and outer layers of
the tube were calculated (eqs 17 and 15). From these surface
charge densities, the concentration profiles were calculated (eqs
A.12 and A.16). In the case of equal bulk values of the
counterion concentrations outside and inside the tube (nod )
nid), the concentrations of couterions at the inner and the outer
surfaces are approximately equal. A small difference between
the concentrations of couterions at the inner and those at the
outer surfaces corresponds to different inner and outer area
surfaces of the tube. The decreased counterion concentration
in the center of the tube (Figures 4, dotted line) causes a decrease
of the counterion concentration at the inner charged surface,
which causes a decreased number of constituents of the first
type in the inner membrane layer. While the number of
constituents of the first type is fixed, the decrease in their number
in the inner layer is compensated by their increase in the outer
layer. In order to fulfill the electro-neutrality condition, this
increase further causes an increase of the concentration of
counterions near the outer surface of the tube. Analogously,
the decreased bulk counterion concentration outside the tube
(Figure 5, dashed line) causes a decrease of counterion
concentration at the outer charged membrane surface, a decrease
of the number of the constituents of the first type in the outer
membrane layer, an increase of the number of constituents of
the first type in the inner layer, and an increase of the counterion
concentration near the inner charged membrane surface.
Figure 6 shows the number of constituents of the first type
in the outer layer of the tube (N1) as a function of the bulk
concentration of counterions (and coions) in the inner (nid) and
the outer solution (nod), respectively. It can be seen that in the
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Figure 6. Number of constituents of the first type in the outer layer
of the tube (N1) as a function of the bulk counterion concentration in
the outer (a,b) and in the inner solution (c,d) for different intrinsic
curvatures of constituents of first type and for two different constants
ξ1 ) 20kTa (a,c) and ξ1 ) 200kTa (b,d). The following intrinsic
curvatures of constituents of first type were chosen Hm,1 ) Dm,1 ) 0
(normal line) Hm,1 ) Dm,1 ) 0.5/nm (dotted line) and Hm,1 ) Dm,1 )
-0.5/nm (dashed line). The total number of constituents of first type
was set to N1T ) 100 per 1 nm length of the tube. The model parameters
are Hm,1 ) Dm,1 ) 0, R ) 40 nm, δ ) 3 nm, a ) 0.6nm2, the bulk
concentration of counterions outside the tube nod ) 0.1 mol/l (a,c), and
the bulk concentrations of counterions in the center nid ) 0.1 mol/l
(b,d).
Figure 5. Concentration of counterions nct as a function of the radial
coordinate r for different values of the bulk concentrations of
counterions inside the tube nid and outside the tube nod: nid ) 0.1 mol/l,
nod ) 0.1 mol/l, σo ) 0.0319 C/m2, σi ) 0.0318 C/m2 (normal lines);
nid ) 0.01 mol/l, nod ) 0.1 mol/l, σo ) 0.0435 C/m2, σi ) 0.0193 C/m2
(dotted lines); and nid ) 0.1 mol/l, nod ) 0.01 mol/l, σo ) 0.0198 C/m2,
σi ) 0.0449 C/m2 (dashed lines); 1C ) 1As. The surface charge densites
σo and σi are obtained from eqs 15 and 17 where the numbers N1
correspond to the points in Figure 4. The fraction of the constituents
of first type in the outer and inner layers is also presented. The model
parameters are R ) 40 nm, N1T ) 100 per 1 nm length of the tube, 
) 78.5, T ) 296 K, and δ ) 3 nm.

outer layer of the tube the number N1 decreases with increasing
bulk counterion concentration nid for a fixed bulk concentration
nod ) 0.1 mol/l. In contrast, the number N1 increases with
increasing bulk counterion concentration nod at a fixed bulk
concentration nid ) 0.1 mol/l. For small ξi, the intrinsic
curvatures of the membrane constituents do not qualitatively
change the dependence of N1 on the bulk concentration of
counterions. A large ξ1 value of constituents of the first type
strongly influences the dependence of N1 on the bulk concentration of counterions.
Figure 7 shows the electrostatic free energy as a function of
the radius of the tube R for two different mean intrinsic
curvatures of the molecules of the first type Hm,1. We assume
Hm,1 ) Dm,1. The total number of molecules of the first type
N1T ) 100 per ls ) 1 nm length of the tube. In order to ensure
the fixed surface of the tube, the length of the segment ls of the
tube was adjusted according to the equation R‚ls ) 40 nm‚1
nm. It can be seen that the electrostatic free energy first
decreases, reaches a minimum, and then increases with increasing radius of the tube. For fixed intrinsic curvatures of the

Figure 7. Electrostatic free energy as a function of the radius of the
tube R. The following intrinsic curvatures of constituents of the first
type were chosen: Hm,1 ) Dm,1 ) 0.3/nm (a) and Hm,1 ) Dm,1 ) 0.5/
nm (b). The model parameters are the length of the tube l ) 1000 nm,
N1T ) 100 per 1 nm length of the tube, Hm,2 ) Dm,2 ) 0.1/nm, nid )
0.01 mol/l, nod ) 0.1 mol/l, Z1 ) 1, δ ) 3 nm, a ) 0.6 nm2, ξ1 ) ξ2
) 20kTa. We assume ξi ) ξ/i for i ) 1,2.

molecules of the second type, the electrostatic free energy
increases with increasing intrinsic mean curvature Hm,1. Figure
8 shows the energetic most favorable radius Req of the tube as
a function of the intrinsic mean curvature Hm,1. We assume Hm,1
) Dm,1. The radius Req is determined by the radius of the tube
at which the absolute minimum of the electrostatic free energy
is reached. The dependence Req on Hm,1 is shown for three
different intrinsic curvatures Hm,2 ) Dm,2. We see that the most
favorable radius R decreases with increasing intrinsic mean
curvatures Hm,1 of the molecules of the first type. The decrease
of Req as a function Hm,1 is pronounced for Hm,2 ) Dm,2 ) 0.5/
nm.
4. Discussion and Conclusion
In the present work, we described the two component
cylindrical bilayer which exists inside and outside a membrane
in contact with an electrolyte solution composed of monovalent
counterions and coions. The model takes into account (i) the
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Figure 8. Energetic most favorable radius Req of the tube as a function
of the intrinsic mean curvature Hm,1 (Hm,1 ) Dm,1) for Z1 ) 1. The
following intrinsic curvatures were chosen: Hm,2 ) Dm,2 ) 0 (normal
line), Hm,2 ) Dm,2 ) 0.5/nm (dotted line), and Hm,2 ) Dm,2 ) - 0.5/nm
(dashed line). The model parameters are N1T ) 100 per 1 nm length of
the tube, δ ) 3 nm, a ) 0.6 nm2, nid ) 0.01 mol/l, nod ) 0.1 mol/l, ξ1
) ξ2 ) 20kTa and the surface area of one lipid molecule a ) 0.6 nm2.

energy of electrostatic interaction between the charged tube and
the electrolyte solution, (ii) the membrane bending energy with
the contribution of spontaneous curvature of its constituents and
the energy due to the intrinsic (anisotropic) shape of the
membrane constituents, and (iii) the free energy contribution
due to the configurational entropy of the membrane constituents.
The distribution of constituents of the first type between the
two layers of the membrane was studied.
For the sake of simplicity, our approach assumed a fixed
surface area per constituent. The anisotropy of the constituents
was one of the contributions to the asymmetry of the constituents
between the two layers of the membrane. Contrary to our
assumption, Israelachvili et al.28 also minimized the free energy
with respect to the surface area per lipid molecule in the outer
and inner layers. This was also one of the major lipid properties
that determined the asymmetry.28 A similar approach was used
by Heinrich et al.27 where counterbalanced translocation lipid
fluxes between membrane layers produced changes in the
number of lipids within the monolayer. This induced a lateral
compression in the cytoplasmic layer and an expansion in the
outer layer. This process was described by the lateral interaction
energy, which is an expansion to the second-order regarding
the relative area changes of a single lipid molecule.
An acknowledged and widely used description of the
electrostatic interaction is given by the PB theory41-43 in which
the ions are treated as point charges in a dielectric continuum
enclosed by a uniformly charged surface. For a monovalent salt,
the predictions of PB theory are found to agree well with
experiments and simulations.40 In this work, we used the
linearized PB theory,33 where it is assumed that for one particle
the electrostatic potential energy e0Φ is small compared to the
thermal energy kT. Let us note that the linearized PB theory is
justified for potentials smaller than 25 mV at room temperature.
In our calculations, the maximal obtained potential is approximately 50 mV for a surface charge density σm ) 0.038
C/m2, bulk concentrations nmd ) 0.1 mol/l, and monovalent
constituents of the membrane (Z ) 1). These values of the
potential exceed the limit of the validity of linearized PB theory.
But in most of our cases, we have lower surface charge densities
than σm, as well as lower bulk concentrations than nmd , leading
to a potential below 50 mV where the linearized PB theory is
justified. The radius of the tube R ) 40 nm is large enough for
the concentration of counterions as well as of coions along the
tube axes to reach the bulk value.44,45
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First, we discuss the results for the case where the electrostatic
effects are not taken into account. Our calculations for a tube
in contact with water showed that the membrane constituents
of the first type for Z1 ) 0 with positive intrinsic mean curvature
and curvature deviator Hm,1 ) Dm,1 prefer the outer layer of the
tube, while the constituents of the first type with negative
intrinsic mean curvature and curvature deviator Hm,1 ) Dm,1
prefer the inner layer of the tube. Constituents with no internal
curvatures are uniformly distributed between two layers, where
the different number of constituents between the two layers is
the consequence of different area surfaces between the outer
and the inner layers. In the case of constituents with no internal
curvatures, approximately 52% of lipids occupy the outer layer
of the tube (Figure 3). The constituents of second type with
negative intrinsic mean curvatures and curvature deviator Hm,2
) Dm,2 additionally increase the fraction of lipids with Hm,1 )
Dm,1 in the outer layer, because the shape of the constituents
of the second type with negative Hm,2 ) Dm,2 favor the inner
layer and the flip of constituents of the first type from the
inner layer to the outer layer is forced. Analogously, constituents
of the second type with positive intrinsic curvatures Hm,2 )
Dm,2 decrease N1 in the outer layer, because they favor the outer
layer of the tube and the flip of the constituents of the first
type into the inner layer is forced. The situation drastically
changes with increasing constants ξ1 and ξ2. In the limit of a
very large constant ξ1, all of the constituents of the first type
with positive intrinsic curvatures Hm,1 ) Dm,1 would occupy
the outer layer, while all constituents of the second type with
negative intrinsic curvatures Hm,1 ) Dm,1 would occupy the
inner layer. The reason is the large constant for constituents
of the first type (in our case, ξ1 ) 200kTa) which favors the
presence of constituents of the first type (top inset of
Figure 3). If we increase the constant ξ2, the majority of the
constituents of the second type with positive intrinsic curvatures Hm,2 ) Dm,2 would occupy the outer layer, and they would
force the constituents of the first type to occupy the inner
layer; therefore, the number of these constituents in the outer
layer would decrease (bottom inset of Figure 3). At large ξ2,
the majority of the constituents of the second type with
negative intrinsic curvatures Hm,2 ) Dm,2 would occupy the inner
layer, and they would force the constituents of the first type
to occupy the outer layer (bottom inset of Figure 3). We can
state that constituents like proteins, glycolipids, or small
complexes of molecules (inclusions) with larger constants may
have considerable influence on the asymmetry of the constituents
between the leaflets of the bilayer (bottom and top insets of
Figure 3).
Our prediction of an asymmetric distribution of strongly
anisotropic constituents of the second type in the membrane
(bottom inset of Figure 3) is in line with recent experimental
results obtained on monosialoganglyoside (GM1)-dipalmitoylphosphatidylcholine (DPPC) mixed small unilamellar vesicles
(SUV).30 Using the inverse contrast variation method in smallangle neutron scattering, combined with small-angle X-ray
scattering and dynamic light scattering, we found the predominant location of GM1 in the outer lipid layer to be due to the
intrinsic shape of GM1. On the basis of its large head group,46
sphingolipid GM1 is assumed to have positive intrinsic curvatures, that is, C1,m > 0 and C2,m > 0. Repulsive interactions
between the negatively charged bulky head groups of GM1 and
the water molecules attracted to the hydrophilic head group of
GM1 additionally increase the effective size of the head groups
of GM1 and therefore also their intrinsic curvatures C1,m and
C2,m.
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Our prediction of an asymmetric distribution of strongly
anisotropic constituents of the second type in the membrane is
also in line with recent simulations. The simulation has been
made47 where the effect of the asymmetry in the transbilayer
lipid distribution on the dynamics of phase separation in fluid
vesicles was investigated. It was shown that this asymmetry
set a spontaneous curvature for the domains that alter the
morphology of the system.
In the following, we discuss the results of the calculations
for the situation where the tube outside and inside is in contact
with an electrolyte solution composed of monovalent counterions and coions. The constituents of the first type are isotropic
or weakly anisotropic. For such membrane constituents, we
showed that the reservoir of counterions outside and inside the
tube influences the distribution of constituents of the first type
in the outer and inner membrane bilayers (Figure 5). The
increase of the electrolyte bulk concentration outside (inside)
the tube forces constituents of the first type from the inner
(outer) layer to flip into the outer (inner) layer. For very small
intrinsic curvatures and small interaction constants ξi of
constituents of the first type, the decrease of the bulk value of
the counterion concentration from 0.1 mol/L in the outer solution
to 0.01 mol/L in the inner solution causes 20% of the
constituents to flip from the inner to the outer leaflet of the
membrane. Similarly, an increase of the bulk concentration from
0.01 mol/L in the outer solution to 0.1 mol/L in the inner
solution causes 20% of the constituents to flip from the outer
to the inner leaflet of the membrane. The asymmetric transmembrane distribution of membrane constituents of the first type
is the consequence of the difference between the ionic strength
in the outer solution and that of the inner solution. This
asymmetry of the constituents of the first type is pronounced
for those constituents which possess more than one elementary
charge; for example, for divalent (trivalent) constituents, 26%
(28%) flip from the inner to the outer leaflet of the membrane
if the bulk value of the counterion concentration is 0.1 mol/L
in the outer solution and is 0.01 mol/L in the inner solution.
An asymmetric distribution of constituents with valencies larger
than 1 causes even greater asymmetry in the surface charge
density between the two leaflets. We also showed that N1
monotonously depends on the electrolyte bulk concentrations
inside and outside the tube (Figure 6). The increase (descrease)
of N1 in the outer (inner) layer of the tube is the result of the
increased (decreased) counterion concentration outside (inside)
the tube. In order to fulfill the electro-neutrality condition, the
increase of counterions in the outer solution increases the
number of constituents of the first type in the outer layer of the
tube.
For the constituents of the first type with large intrinsic
curvatures and large interaction constants, the electrostatic
interaction between the electrolyte solution and the constituents
of the first type, as well as the intrinsic shape of the constituents,
influence the transmembrane distribution. The constituents of
the first type with negative mean curvature and curvature
deviator Hm,1 ) Dm,1 can even partially reduce the transmembrane asymmetry between the two leaflets caused by the
asymmetric ionic strength between the inner and the outer
solutions. But the asymmetric transmembrane distribution of
constituents of the first type caused by the asymmetric ionic
strength between the inner and the outer solutions is pronounced
for constituents with positive mean curvature and curvature
deviator Hm,1 ) Dm,1.
Also, the variation of the free energy with respect to the radius
of the tube R was made. The dependence of the electrostatic
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free energy on the radius of the tube was analyzed. The absolute
minimum of the electrostatic free energy determines the
energetic most favorable radius of the tube. The particles of
the first type with large intrinsic curvature Hm,1 ) Dm,1 and
therefore small intrinsic radius favor vesicle shapes with a small
equilibrium radius. The addition of particles of the second type
with large Hm,2 ) Dm,2 pronounces the decrease of radius Req.
On the contrary, negative intrinsic curvatures Hm,2 ) Dm,2
weaken the decrease of Req. We showed (see Figure 7) that the
tube of length 1000 nm has the energy barrier of approximately
few 1000 kT for the case of inclusions with an intrinsic curvature
deviator of 0.3 nm-1. This energy barrier is large compared
with the thermal fluctuation energy. It was estimated that the
thermal fluctuation energy lies between 100 kT and 500 kT for
bending rigidities between 10-20 J and 10-19 J.48 This estimation
of the fluctuation energy hints that our tubular structures are
stable.
In this work, we restricted our theoretical consideration to
the stable tubular structures in the regime of high lateral
membrane tension in the tubes where the membrane fluctuations
(and/or undulations) around the average tubular shape are largely
suppressed.38 Such large membrane tensions may be induced
by a strong pulling force, as for example by inner supporting
rod-like cytoskeleton filaments.9,10 In accordance in cellular
systems, most of the thin membrane protrusions are not
undulated.49,50 The stability of tubular membrane protrusions
can be ensured also by accumulation of anisotropic membrane
components in the membrane tubular protrusions where no
pulling force is needed to stabilize the tubular membrane
structure.15,5 However, the theoretical description of the transmembrane distribution of membrane constituents in such
membrane systems is beyond the scope of the present work. In
accordance with our assumption of the prescribed cylindrical
shape, we also assumed that the lateral distribution of each type
of membrane components is homogeneous. This is presumed
for each of the bilayer leaflets separately. The nonhomogeneous
lateral distribution of the molecular components in each leaflet
of the bilayer would lead to the undulation of the tube;18,51,52
that is, the membrane shape and composition are mutually
dependent.52-54 In this case, the membrane components would
accumulate into regions with distinct compositions and curvatures. If the membrane is composed of isotropic and anisotropic
components, then the saddle-like anisotropic membrane components would accumulate in the favorable saddle-like neck
regions of the undulated tube.52
Biological membranes have a much more complicated
structure. The two monolayers of the biological membrane are
comprised of various lipids. For the red blood cell membrane,
it was shown that aminophosphatides (phosphatidylethanolamine
and phosphatidylserine) are mainly in the cytoplasmic monolayer, while the choline derivatives (phosphatidylcholine and
sphingomyelin) are mainly in the external monolayer.55,56,49 Of
the mentioned phospholipid molecules, only phosphatidylserine
molecules are charged. These charged molecules are located in
the inner layer of the bilayer and may contribute to the lipid
asymmetry of the membrane on the basis of interaction with
the cytoskeletal protein, spectrin. The binding affinity of spectrin
to lipid bilayers comprised of phosphatidylcholine and phosphatidylserine has been investigated.57 It was suggested57 that
the positively charged surface domain of the protein (although
the protein possesses a net negative charge) interacts with the
negatively charged lipids. But it was also shown that the affinity

Transmembrane Distribution in Organic Nanotubes

J. Phys. Chem. C, Vol. 111, No. 27, 2007 9717

of purified spectrin for phosphatidylserine containing vesicles
was not significantly different from that for phosphatidylcholine
vesicles.57,58
In summary, our model of bilayer nanotubes is based on a
phenomenological free energy expression which involves the
electrostatic interaction between the charged tube and the
electrolyte solution, the membrane bending with the contribution
of the spontaneous curvature of the constituents and the
deviatoric contribution of the anisotropic membrane constituents,
and the configurational entropy of the membrane constituents.
The minimization of the free energy resulted in the calculated
transmembrane distribution of molecules in two component
bilayer nanotubes. We showed that the asymmetric transmembrane distribution of the first/second type (charge/uncharged)
of membrane constituents is the result of the interplay between
the intrinsic anisotropy of membrane constituents, the electrostatic interaction between the ions in the electrolyte solution,
and the charged constituents of the membrane. Strongly anisotropic uncharged constituents contribute essentially to the
asymmetric distribution of constituents between the two leaflets
of the membrane. The asymmetric transmembrane distribution
of weakly anisotropic charged constituents is driven by the
electrostatic interaction between the ions in the electrolyte
solution and the charged membrane constituents.
Appendix A: The Linearized PB Theory in Cylindrical
Geometry
We consider a charged tube in contact with a solution of a
symmetric monovalent electrolyte. The electric double layer
inside the tube (concave case) and outside the tube (convex case)
is considered.
For electrostatic energies small compared with the thermal
energy, |e0Φ| , kT, where Φ is the electrostatic potential, the
electric double layer can be described by the linearized PB
equation59

∆Ψ ) κ2Ψ

(A.1)

where Ψ ) e0Φ/kT is the reduced electrostatic potential and

)x
is the Debye length,  is the dielectric
constant of the solution, 0 is the permittivity of a vacuum, T is
the temperature, k is the Boltzmann constant, nd is the bulk
concentration of counterions (and coions), NA is Avogadro’s
number, and e0 is the elementary charge. The Laplace operator
in cylindrical geometry is given by

κ-1

0kT/(2ndNAe20)

∆)

2

(A.2)

where r is the radial coordinate, φ is the azimuthal angle, and
z is the coordinate along the tube axis.
The solution of eq A.1 can be represented by a product
Ψ(r,φ,z) ) R(r)φ(φ)Z(z), where R(r) depends only on r, φ(φ)
depends only on φ, and Z(z) depends only on z. For a uniformly
charged and very long tube, the differential equation eq A.1
reduces to the differential equation for the radial part of the
electrostatic potential

(

)

1 d dR(r)
r
) κ2R(r)
r dr dr

dr

2

dR(r)
- κ2r2R(r) ) 0
dr

+r

(A.4)

The solution of differential eq A.3 is60

R(r) ) AI0(κr) + BK0(κr)

(A.5)

where I0 and K0 are the modified Bessel function and the
hyperbolic Bessel function of order 0, respectively. The
constants A and B are determined from the boundary conditions.
In the concave case, the inner surface of the charged tube is
in contact with the inner electrolyte solution. The boundary
conditions for the reduced potential inside the tube are

|
|

dΨ(r)
dr
dΨ(r)
dr

r)0

r)Ri

)0
)

(A.6)

σie0
0kT

(A.7)

where σi is the surface charge density of the inner surface of
the tube, 1/κi is Debye length inside the tube, and Ri is the inner
radius of the tube. The boundary condition (A.7) reflects the
electroneutrality of the inner surface of the charged tube and
the solution inside the tube

∫FidV + I σidS ) 0

(A.8)

where Fi is the volume charge density of the inner solution.
The first integral in eq A.8 represents the charge of the solution
while the second integral represents the charge of the inner layer
of the tube. Taking into account the Poisson equation ∆Φ )
-Fi/0 and the Gauss theorem in eq A.8, we obtain the
boundary condition (A.7).
The first boundary condition (eq A.6) gives B ) 0, while
from the second boundary condition (eq A.7) the constant A
was calculated. Inserting the constants A and B into eq A.5, we
obtain the electrostatic potential inside the tube

Ψ(r) )

σie0 I0(κir)
kT0κi I1(κiRi)

(A.9)

where I1 is the modified Bessel function of order 1.
The concentration of counterions inside the tube is given by
the Boltzmann distribution

nict ) nide-Ψ(r)

(A.10)

2

1 ∂
∂
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r ∂φ
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d2R(r)

r2

(A.3)

Multiplying eq A.3 by r2 and performing the derivation, we
get

where nid is the bulk concentration of counterions and coions
inside the tube, that is, in the center of the tube. In the linearized
PB theory, the exponent in eq A.10 can be expanded in the
potential up to first order

nict ) nid(1 - Ψ(r))
Inserting eq A.9 into eq A.11, we obtain

(

4π lB I0(κir)
nict ) nid 1 - σi
e0κi I1(κiRi)

(A.11)

)

(A.12)

where lB ) e02/(4π0kT) is the Bjerrum length and nid is the
concentration of counterions and coions along the tube axis.
In the convex case, the outer surface of the charged tube is
in contact with the outer electrolyte solution. The boundary
conditions for the reduced potential outside the tube are
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(A.13)
σoe0
0kT

(A.14)

Here, we summarize the solution for the electrostatic potential40

Ψ(r) )

σoe0 K0(κor)
kT0κo K1(κoRo)

(A.15)

and the concentration of counterions outside the charged tube

(

4π lB K0(κor)
noct ) nod 1 - σo
e0κo K1(κoRo)

)

(A.16)

where K1 is the modified Bessel function of order 1, 1/κo is
Debye length outside the tube, σo is the surface charge density
of the outer surface of the tube, Ro is the outer radius of the
tube, and nod is the concentration of counterions and coions at r
) Rcell.
Similarly, as in the concave case, the boundary condition
(A.14) in the convex case reflects the electroneutrality of the
outer surface of the charged tube and the solution outside the
tube

∫Fo dV + Iσo dS ) 0

(A.17)

where Fo is the volume charge density of the inner solution.
The first integral in eq A.17 represents the charge of the solution
outside the tube, while the second integral represents the charge
of the outer layer of the tube. Here we already take into account
the electroneutrality of the inner surface of the charged tube
and the solution inside the tube.
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(2) Iglič, A.; Hägerstrand, H.; Bobrowska-Hägerstrand, M.; Arrigler,
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