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2 Department of Mechanics, Biomechanics and Mechatronics, Faculty of Mechanical Engineering, Czech Technical University

in Prague, Technicka 4, Prague 16607, Czech Republic
3 Faculty of Health Sciences, Laboratory of Clinical Biophysics, University of Ljubljana, Zdravstvena pot 5, 1000 Ljubljana,

Slovenia
4 Laboratory of Clinical Biophysics, Faculty of Medicine, University of Ljubljana, Vrazov trg 2, 1000 Ljubljana, Slovenia

Received 22 May 2022 / Accepted 1 September 2022
© The Author(s), under exclusive licence to EDP Sciences, SIF and Springer-Verlag GmbH Germany,
part of Springer Nature 2022

Abstract Experiments show that elastic constants of lipid bilayers vary greatly during the liquid-to-gel
phase transition. This fact forms the cornerstone of the Heimburg–Jackson model of soliton propagation
along membranes of axons, in which the action potential is accompanied by a traveling phase transition.
However, the dispersion term, which is crucial for the existence of solitons, is added to the Heimburg–
Jackson model ad hoc and set to fit experimental observations. In the present paper, we aim to consolidate
this view with continuous membrane mechanics. Using literature data, we show that the compression
modulus of a DPPC membrane is smaller by approximately an order of magnitude during phase transition.
With a series expansion of the compression modulus, we write the action of a membrane and solve the
corresponding wave equation analytically using an Exp-function method. We confirm that membrane
solitons with speeds around 200 m/s are possible with amplitudes inversely proportional to their speed.
We conclude that dispersion necessary for existence of solitons is directly related to a membrane’s bending
properties, offering a possible explanation for h. Our findings are in general agreement with existing
literature and give insight into a general mechanism of wave propagation in membranes close to transition.

Introduction

In 2005, Heimburg and Jackson proposed a thermody-
namic theory of nerve pulse propagation in which the
action potential (AP) is accompanied by a longitudi-
nal pressure wave inside the cell membrane [1,2]. This
pressure wave (soliton) is a local traveling liquid-to-gel
phase transition of the lipid membrane that can prop-
agate long distances without significant energy dissipa-
tion.

Various authors have considered the possibility of a
mechanical wave propagating along axons [3,4]. The
Heimburg–Jackson model correctly accounts for the
observed heat reabsorption in axons not accounted for
in the classic electrical theory of Hodgkin and Huxley
[5,6], further enforcing that the AP is accompanied by
an adiabatic soliton. Since lipid transitions happen close
to physiological temperatures, the Heimburg–Jackson
model presents a compelling case for adiabatic sound
solitons whose existence and stability is predicted by
simple physical arguments.

a e-mail: mitja.drab@fe.uni-lj.si (corresponding author)

The existence of these solitons is wholly dependent on
the fourth-order dispersive term h, added ad hoc to the
classical one-dimensional sound equation [1]. This term
exists as a free parameter setting the linear scale of the
soliton and has not been measured experimentally [7],
but has been determined theoretically from the expan-
sion for the lateral speed of sound in lipid bilayers [8].
In the Heimburg–Jackson model, it was often adjusted
to h = 2m4/s2 in order to match the observed width of
the nerve pulse, which is about 10 cm [1].

In the present paper, we propose an alternative
approach to thinking about membrane solitons from
the viewpoint of membrane mechanics in the vicinity of
phase transition. Such continuous approach is feasible
since the experimentally observed width of the nerve
pulse is many orders of magnitude larger than phos-
pholipid molecules size. We construct an energy den-
sity functional and show that the dispersive term of the
fourth order follows naturally from the bending energy
of the slightly curved membrane. We derive the action
of a long unperturbed membrane close to transition and
then use DPPC data from Heimburg and Jackson to
show that the compression modulus of the membrane
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is temperature dependent. With a series expansion of
the compression modulus close to phase transition, we
obtain the nonlinear wave equation and solve it analyti-
cally using an Exp-function method, confirming he pos-
sibility of propagating mechanical solitons. We find that
the soliton speed is around 200 m/s, which is within
10% of the predictions of the Heimburg–Jackson model,
and that the amplitude of the solitons is inversely pro-
portional to their speed. We conclude that dispersion
necessary for existence of solitons is directly related to
membranes’ elastic properties, offering a possible expla-
nation for h.

Action of an excited membrane

The contour of a long cylindrical axon membrane can
be represented as a curve in one dimension, where the
transversal displacement from its non-excited state is
both a function of dimension and time u = u(x, t). A
perturbed piece of the membrane carries both kinetic
and potential energy. The latter comes from stretching
with compression modulus ka and bending with bend-
ing modulus kb. Let us assume for now that ka and kb

are constant. The action of membrane of length L in
time T is

S =
1
2

∫ T

0

∫ L

0

μu2
t − kau2

x − kbu
2
xx dxdt. (1)

Here, μ is the one-dimensional density of the membrane.
Near the phase transition temperature, μ changes as
the lipids change from liquid to gel, but for simplicity
let us assume that μ is kept constant. Note that curva-
ture used for Helfrich’s bending energy in one dimension
is approximately given by the second spatial deriva-
tive. Following standard minimization procedure, this
Lagrangian yields the equation of motion

kauxx = μutt + kbuxxxx. (2)

This equation bears a resemblance to the sound prop-
agation equation of the Heimburg–Jackson model [1].
The principal difference with the latter is that the lat-
eral membrane density ρ(x, t) is replaced by transver-
sal displacement u(x, t) and the dispersion term follows
from membrane bending.

In acoustic theory and rod mechanics, Eq. (2) is
sometimes referred to as the stiff string or the bad
Boussinesq equation with the dispersion relation ω2 =
k2 − k4, known for its short wavelength instabilities.
When such a stiff string is bent, a new restoring force
apart from tension arises from some of the parts being
compressed and others stretched by bending. The solu-
tions of Eq. (2) are seldom addressed in the literature
and are usually given in context of fixed or clamped
boundary conditions [9]. To the best of our knowledge,
there has been no attempt at a soliton solution. In
Appendix A, we show that solutions of Eq. (2) are ana-
lytical and called peakons.

Membrane’s elastic constants close to tran-
sition

A lipid membrane’s elastic constants change when the
lipids undergo a phase transition. Depending on the
type of bilayer, the compression modulus (ka) of the
liquid phase can be 2–7 times greater than the gel
phase [1,2,10,11]. We can approximate the experimen-
tal dependencies found in experiments with DPPC
lipids [2] by analytic functions (Fig. 1).

For a membrane close to transition, however, ka

is characterized by a momentary decrease; the elastic
modulus decreases with increasing lateral pressure and
the membrane resembles a spring that becomes softer
when compressed (Fig. 1(c)).

We intend to write the dependence ka(T ) as the
dependence on ka(u(x, t)). Using data of lateral den-
sity of DPPC vesicles given in [2], we find that the
length of the molecules in both phases is given by tak-
ing a quotient of their specific area and specific volume.
We therefore calculate that df = σf/ρf = 3.96 nm and
dg = σg/ρg = 4.98 nm for fluid and gel states, respec-
tively.

The unperturbed membrane in the Heimburg–Jackson
model corresponds to the fluid state ρA

fluid = 4.035 ·
10−6kg/m2 and u = 0 in our one-dimensional model
(Fig. 2b). When molecules start to transition to the gel
state, the displacement of the membrane increases and
u > 0. We can relate transversal displacement u and lat-
eral membrane density ρ through a linear dependence:

u(ρ) = kρ + N, (3)

where k = 8.5 · 10−4 m3/kg and N = −3.4 · 10−9 m.

Series expansion of the spatially dependent
compression modulus

Since we have appoximated the experimental data with
analytic functions ka(T ), ρ(T ) and u(ρ), it is easy to
relate ka and u; we simply express ρ as a function of u
from the linear dependency and insert into ka(T ). This
procedure is analogous to finding the y(x) dependency
when both x(t) and y(t) are given with a parametric
dependence on t. Figure 2 shows the ka(u) dependency
calculated this way from data shown in Fig. 1c.

The compression modulus displays a pronounced
minimum before increasing further as the membrane
transitions from a liquid to gel state. The dependence
of ka near the transition can be approximated with a
series expansion around the minimal value of ka:

ka(u) = a(u − P )2 + Q. (4)

Here, a, P and Q are expansion constants. For DPPC
data shown in Fig. 2, a = 0.547N/μm3, P = 0.532 nm
and Q = 0.032N/m. For other lipids, these constants
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(a) (b) (c)

Fig. 1 Lateral compressibility κA
T (a) and lateral density

(b) of DPPC extruded vesicles near the phase transition
around 41◦C (Adapted from Chapter 14, Heimburg, 2008).
Compression modulus ka = 1/κA

T (c) can be calculated from

panel (a). The lateral compressibility δ of the fluid phase is
taken to be several times larger than the gel phase in accor-
dance with data given in [2]

Fig. 2 Dependence of the compression modulus on the
transversal displacement of the membrane can be calculated
directly from Figure 1 (full line). An approximation of this
dependence is obtained by a series expansion around the
minimal point with the fitted parabola ka(u) = a(u−P )2+Q
having the values a = 0.547 N/μm3, P = 0.532 nm and
Q = 0.032 N/m (dashed line) (Eq. (4)). Note that u = 0
corresponds to the unperturbed membrane just above the
melting transition

will be different and ultimately depend on the experi-
mental measurements of heat capacity cp [1]. With this
displacement dependence of the compression modulus,
we may rewrite Eq. (1):

S =
1
2

∫ T

0

∫ L

0

μu2
t − ka(u)u2

x − kbu
2
xx dxdt. (5)

Minimization of this action results in a nonlinear equa-
tion of motion

a(u−P )u2
x +(a(u−P )2+Q)uxx = μutt +kbuxxxx, (6)

which is investigated for the possibility of propagating
solitons. We notice that a = 0 immediately simplifies
to Eq. (2). We are therefore interested in cases where
a �= 0, implying that nonlinearity of elastic constants,
granted by the phase transition, is crucial for finding
new solutions.

Nondimensionalization

We nondimenzionalize Eq. (6) by setting u = x0ũ,
x = x0x̃ and t = t0ũ, where the tilde variables are
unitless. For DPPC lipids near transition, we use val-
ues from Heimburg and Jackson, kb = 2 · 10−20 J and
μ = 4.035 · 10−6 − 5.2 · 10−6 kg/m [1]. A more precise
treatment would also include a spatial dependence of kb.

However, since kb is related to the fourth derivative of
position, we assume it to be constant. Setting a length
scale x0 = u0 =

√
kb/P

√
a, a time scale t0 =

√
kbμ/P 2a

and two dimensionless constants γ =
√

kb/P 2
√

a and
β = Q/P 2a, Eq. (6) is simplified:

γ(γu − 1)u2
x + ((γu − 1)2 + β)uxx = utt + uxxxx. (7)

Here, tilde is omitted for clarity and all variables and
their derivatives are dimensionless. We attempt to solve
this equation using a standard Exp-function method for
nonlinear wave equations [12].

Nonlinear wave solutions with the Exp-
function method

Seeking localized soliton solutions, we use the standard
transformation u(η) with η = x − vt, where v is the
speed of the wave. Equation (7) can be rewritten as

γ(γu − 1)u′2 + ((γu − 1)2 + β − v2)u′′ = u′′′′. (8)

Here, the prime denotes the differential with respect
to η. Following the Exp-function method, we assume
that the solutions to Eq. (8) can be expressed in the
following form [12]:

u(η) =
∑c

n=−d an exp(nη)∑r
m=−s bm exp(mη)

, (9)

where c, d, r and s are positive integers which are
unknown and need to be determined and an and bm

are unknown constants. Equation (9) can be rewritten:

u(η) =
ac exp(cη) + · · · + a−d exp(−dη)
ar exp(rη) + · · · + a−s exp(−sη)

. (10)

To determine the value of c and r, we have to balance
the linear term of the highest order of Eq. (8) with
the highest nonlinear term, which are u′′′′ and u2u′′,
respectively. With a simple calculation and the help of
Wolfram Mathematica, we get

3c + 2r = c + 4r → c = r. (11)
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Similarly we need to balance the lowest order of the
linear term in Eq. (8) with the lowest order of the non-
linear term. This results in the equation

− (3d + 2s) = −(d + 4s) → d = s. (12)

The values of c and d can be freely chosen, but for
simplicity we set c = r = 1 and d = s = 1. Our trial
solution then reduces to

u(η) =
a1 exp(η) + a0 + a−1 exp(−η)
b1 exp(η) + b0 + b−1 exp(−η)

. (13)

Substituting Eq. (13) into Eq. (8), we have

1

A
(c9 exp(9η)+c8 exp(8η)+· · ·+c2 exp(2η)+c1 exp(η)) = 0,

(14)
where A = (b−1 + b0 exp(η) + b1 exp(2η))5 and the
constants ci(i = 1, . . . , 9) are obtained and given in
Appendix B. Equating the coefficients of of exp(nη) to
be zero, we obtain a system of equations

{ci = 0, (i = 1, . . . , 9)}. (15)

Solving this system simultaneously results in many non-
trivial solutions.

Results

Kinks

A possible solution to the system Eq. (15) is

a0 =
b0(1 +

√
2)

γ
, a−1 =

b−1(1 − √
2)

γ
,

a1 = 0, b1 = 0, v = ±v0
√

1 + β. (16)

Here, b0 and b−1 are free parameters and v is the speed
of the wave. The parameter v0 = x0/t0 = P

√
a/

√
μ =

185.5 m/s, taking the average value of μ. Inserting these
coefficients into Eq. (13) gives

u(η) =
1
γ

(1 +
√

2 − 2
√

2b−1

b−1 + b0eη
). (17)

For the case b0 = b−1 = 1 and substituting back from
η = x − vt, this simplifies to

u(x, t) =
1
γ

(1 +
√

2 tanh (
x − vt

2
)). (18)

Such a solution is called a kink [13] and is shown in Fig.
3. This is a step-like disturbance propagating across the
membrane with speed v = v0

√
1 + β. For DPPC values

given prior, β = 0.21, γ = 0.68 and v = 203.9 m/s.
Changing the free parameters b0 and b−1 corresponds

Fig. 3 A kink given by Eq. (18) for v = 203.9 m/s. This is
an example of a nonlinear wave that solves the propagating
PDE (Eq. (7))

to translation of the kink, while γ serves as a scaling
factor.

The kink is physically a shock wave of a freezing tran-
sition, a traveling disruption that changes the displace-
ment of the membrane in a step-like manner from fluid
to gel state, respectively. The height of the step is the
change dg−df = 1 nm, resulting in a 20% thickening for
DPPC data, which is in accordance with experiments
[2]. However, this change is permanent and the mem-
brane does not return to its unperturbed, fluid state.
Kinks traveling in the opposite direction is also possi-
ble.

Solitons

A soliton solution to the system Eq. (15) is the sum of
two particular solutions with coefficient values

a0 =
b0 +

√
2(b20 − 4b−1b1)

γ
, a−1 =

b−1(1 +
√

2)
γ

,

a1 =
b1(1 ± √

2)
γ

, v = v0
√

1 + β. (19)

The free parameters are now b0, b−1 and b1 and give
the localized bell-like solution

u(η) =
2
γ

(
1 +

eη
√

2(b20 − 4b−1b1)
b−1 + eη(b0 + b1eη)

)
. (20)

Real solutions demand that b20 ≥ 4b−1b1. When the
equality holds, the trivial solution gives a constant 2/γ,
while b20 > 4b−1b1 results in localized hyperbolic secant-
like solutions shown in Fig. 4. When b−1 = b1, the
solitons are symmetric around the y-axis (Fig. 4a) and
shifted left or right when b−1 > b1 and b−1 < b1, respec-
tively (Fig. 4b). Parameter γ again only scales the soli-
ton amplitude and is entirely determined by membrane
stiffness kb and aP 2. Using DPPC data, a typical soli-
ton profile is shown in Fig. 5a.

An interesting case occurs when b20 � 4b−1b1. While
retaining their bell-shaped, localized nature, these soli-
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(a) (b) (c)

Fig. 4 With changing parameters b0, b−1 and b1, Eq. (20)
gives different solutions; when b−1 = b1, the solitons are
symmetric about the y-axis (a). When either b−1 or b1 is
greater, while still obeying b20 > 4b−1b1, solitons are shifted
left or right, respectively (b). When b20 � 4b−1b1, the soli-

ton’s width is many of orders of magnitude greater than its
amplitude (c), similar to a soliton in the Heimburg–Jackson
model. All solutions displayed here are calculated for DPPC
data, where v = 203.9 m/s

Fig. 5 3D plots of the solution u(x, t) of Eq. (20) for dif-
ferent values of b0, b−1 and b1. For parameters b0 = 6,
b−1 = b1 = 1, the soliton is 10 nm wide with an amplitude
of 1 nm, marking the propagating fluid-to gel transition (a).

For b0 = 108, b−1 = b1 = 1, the width of the soliton is orders
of magnitude greater than its amplitude (b). For both cases,
DPPC data are used and v = 203.9 m/s

tons are many of orders of magnitude wider than their
amplitude (Figs. 4c and 5b). This is in accordance with
the Heimburg–Jackson model, where pulses of solid gel
states are of the order of centimeters, while the thick-
ness change of the membrane is around 1 nm [1].

Discussion

Solitary waves in our model are possible only due to the
dispersion term uxxxx which is provided by the slight
bending of the membrane and proportional to γ. Inter-
estingly, γ serves only as an amplitude scaling factor
and has no effect on propagation speed, which is in
total agreement with the role of the dispersion param-
eter h in the Heimburg–Jackson model [1]. Our model
thus provides a possible explanation of the emergence of
dispersion in lipid membranes postulated by Heimburg
and Jackson.

The amplitudes of solitons in our model are propor-
tional to 1/γ. Since propagating speed increases with
β and γ, faster solitons have smaller amplitudes, which
is also true in the Heimburg–Jackson model. We found
that the governing PDE allows for analytic solutions
not only on the length scales of centimeters, but also on
smaller length and time scales. However, it is not clear
how these waves relate to the axonal structure, which
is not homogenous: recent imaging experiments have

shown that a system of actin rings may be crucial to
propagation, but their function is still disputed [14]. It
would be possible to further expand the present model
to include mechanosensitive ion channels [15] that are
crucial in signal transmission, so a swelling of the mem-
brane could have a direct influence on the propagating
action potential.

We compare the values of mechanical wave speed in
lipid membranes with existing literature by inserting
units in the equation

v = ±
√

aP 2 + Q

μ
. (21)

For DPPC data in Fig. 2, this results in speeds of 203.9
m/s, which is an overestimate in comparison to the val-
ues of 115-176 m/s in the Heimburg–Jackson model
[1,16], but still in accord with the conduction veloc-
ity of myelinated fibers (120 m/s) and the theoretical
limit for maximally stiff myelin sheaths (1535 m/s) [17].
Measurements of propagating sound waves in a DPPC
monolayers at the air-water interface were shown to
range from 1-100 m/s, depending on the type of mono-
layer stimulation and frequency [18,19]. A possible rea-
son for an overestimation of speed in comparison with
experiments is in neglecting the viscous environment in
which these waves take place. In future work, a viscous
force could be included. To our knowledge there was
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no direct reliable measurement of propagating waves in
bilayers at the water-water interface, although promis-
ing experiments are being made in recent years [20].

Different types of lipids have different cp(T ) depen-
dencies resulting in unique functions ka(T ). Using the
methods presented in this paper, constants a, P and
Q can be numerically determined to find propagation
speeds of mechanical waves in different lipid bilayers
from thermodynamic properties. Future work could also
examine how a shift in position or amplitude of the cp

curve, for example by addition of solvents, could explic-
itly impact v.

Conclusion

In the present paper, we considered mechanical wave
propagation along lipid membranes close to phase
transition. Inspired by the thermodynamic Heimburg–
Jackson model for propagation along axons, we derived
an action of a continuous elastic membrane with a bend-
ing and stretching modulus. We found that the fourth-
order dispersion term added ad hoc to the Heimburg–
Jackson model, crucial for sustaining solitons, follows
naturally from bending moduli of the axonal membrane
under tension.

Acknowledging experimental evidence for temperature-
dependent elastic moduli of DPPC lipids, we con-
structed an action of the membrane close to transi-
tion. In this regime, we found that stiffness is depen-
dent on transversal displacement and derived a nonlin-
ear fourth-order wave equation. Using the Exp-function
method, we found that membranes close to transi-
tion allow for propagating nonlinear waves with ana-
lytic solutions—kinks and bell-shaped localized soli-
tons. Using experimental data for DPPC lipids from
literature, we found our model predicts propagation
speeds of around 200 m/s, which is in good agreement
with existing data (177 m/s).

Our model sheds light on the emergence of the
fourth-order dispersion term that is necessary for mem-
brane solitons. Our findings support the thermody-
namic Heimburg–Jackson model and indicate that the
dispersion term can regulate the length scale of the
mechanical pulse. Furthermore, our model predicts
propagating speeds in lipid membranes based solely on
the thermodynamic properties of their constituents.
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Appendix A - Peakons

The solitary wave solutions are assumed to be of the form
u(z), z = x−vt where v is the speed of propagation. Since we
are looking for localized wave packets, our solutions have to
obey u(z), u′(z), u′′(z) → 0 as z → ±∞. The primes denote
derivatives with respect to z. After substitution and chain
rule, Eq. (2) becomes

v2

(
∂2u

∂z2

)
= c2

(
∂2u

∂z2

)
− h

(
∂4u

∂z4

)
. (22)

Here, c2 = ka/μ and h = kb/μ. Rearranging, we get

0 =
∂2

∂z2

[
u(c2 − v2) − h

∂2u

∂z2

]
. (23)

Following the assumption that solitons are localized and
vanish for z → ±∞, we can perform double integration
immediately. After multiplying both sides by 2(∂u/∂z) and
considering the identity 2(∂u/∂z)(∂2u/∂z2) = ∂/∂z(∂u/∂z)2,
we get (

∂u

∂z

)2

=
(c2 − v2)

h
u2. (24)

We see that solitons are possible only for the cases where
|v| < c, otherwise the solutions do not decay to zero at
infinity. The solution is

u(x, t) = c1e
−|x−vt|

√
(c2−v2)/h, (25)

where c1 is given by the initial conditions. The solution
is smooth apart from the peak at its crest leading to a
finite jump in the first derivative of the solution. Such solu-
tions are sometimes called peaked solitary wave solutions or
peakons in short [13].

Appendix B - Coefficient list

Coefficients from Eq. (14) are

c1 = a2
−1a0b

2
−1γ

2 − a3
−1b0b−1γ

2 − 2a−1a0b
3
−1γ

+2a2
−1b0b

2
−1γ − a0b

4
−1 + a−1b0b

3
−1,

c2 = 3a−1a
2
0b

2
−1γ

2 + 4a2
−1a1b

2
−1γ

2

−5a2
−1a0b0b−1γ

2 − 4a3
−1b1b−1γ

2

+2a3
−1b

2
0γ

2 − 3a2
0b

3
−1γ − 8a−1a1b

3
−1γ

+4a−1a0b0b
2
−1γ
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+8a2
−1b1b

2
−1γ − a2

−1b
2
0b−1γ − 16a1b

4
−1

+11a0b0b
3
−1 + 16a−1b1b

3
−1 − 11a−1b

2
0b

2
−1,

c3 = 7a3
−1b0b1γ

2 + 3a0a
2
−1b

2
0γ

2

−3a1a
2
−1b−1b0γ

2

−18a0a
2
−1b−1b1γ

2 + 14a0a1a−1b
2
−1γ

2

−5a2
0a−1b−1b0γ

2

+2a3
0b

2
−1γ

2 − 3a2
−1b

3
0γ + 4a0a−1b−1b

2
0γ

−8a1a−1b
2
−1b0γ + 22a0a−1b

2
−1b1γ

−14a0a1b
3
−1γ − a2

0b
2
−1b0γ

+11a−1b−1b
3
0 − 77a−1b

2
−1b0b − 11a0b

2
−1b

2
0

+a1b
3
−1b0 + 76a0b

3
−1b1,

c4 = a−1a
2
0b

2
0γ

2 + 2a2
−1a1b

2
0γ

2

−a3
0b−1b0γ

2 − 2a−1a0a1b−1b0γ
2 + 11a2

−1a0b1b0γ
2

+12a−1a
2
1b

2
−1γ
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